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1. Thermodynamic Cycles.

Suppose that the pressure P of an gas is
a function P (V, θ) of volume and tem-
perature. Let γ(t) = (V (t), θ(t)) be a
thermodynamic process. If the the im-
age ∂M of γ is a simple closed curve
surrounding a region M of the constitu-
tive domain, then by Ampere’s theorem
the work done along ∂M is

∫
∂M

PdV = −
∫
M

∂P

∂θ
dV ∧ dθ

= −
∫
M

∂P

∂θ
dV dθ

Remark: By traversing the process γ
in an appropiate direction means that
work can be obtained from suitable
cyclic processes. Hence steam engines
are possible.

2. Power Generation.

Suppose ∂M is a loop of wire enclosing
a planar region M . The electromotive
force E along ∂M is defined by

E =

∫
∂M

〈E, T 〉 ds

where E : M → R3 is the electric field
and T the unit tangent vector field to
the wire. The electric field E is related
to the magnetic field B by Maxwell’s
equation

∇× E =
∂B

∂t
.

Thus,

E =
∂

∂t

∫
M

〈B, n〉dA.

The latter integral is called the flux of
B. By varying the flux we can generate
an electromotive force. Hence, genera-
tors are possible.

3. The Force on a Current Carrying Wire.

Let ∂M be a loop of wire enclosing a
planar region M and carrying a current
i. Suppose the current loop is placed in
a uniform magnetic field

B : M → R3.

We claim that the net force on the loop
is zero.

Consider a small element ds of wire.
Suppose that charge dq traverses this
element in time dt. If ~v is the velocity
of the current in ds by the Lorentz force
equation, the force dF on ds is

dF = dq ~v ×B
= i dt~v ×B
= iT ds×B
= −i B × T ds

where T is the unit tangent vector field
to the wire in the direction of ~v. The
total force on the wire is:

F = −
∫
∂M

B × T ds.

Recalling that

Tids = dxi, 1 ≤ i ≤ 3

The x-component of the force is:

F1 = −
∫
∂M

(B × T )1 ds

= −
∫
∂M

B2 dx3 −B3dx2

= −
∫
M

d [B2 dx3 −B3dx2]

= 0.

Similarly the other components of F are
zero.

Remark: Although the net force is zero,
the torque is not. Hence electric motors
are possible.
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4. Archimedes Principle.

We utilize the divergence theorem to
show that a fish of volume V suffers a
vertical upthrust equal to the weight of
water which it displaces.

From elementary physics, the force dF
on a surface element dA of fish is

dF = ρgzn dA

where n is the unit normal vector field,
g the acceleration due to gravity and ρ
is the density of the water. If ∂M is sur-
face of the fish and M its interior then
total force on fish is:

F = ρg

∫
∂M

zn dA.

Using Stokes’ theorem, and recalling
that

n3 dA = dx1 ∧ dx2,

the vertical component is:

ρg

∫
zn3 dA =

∫
∂M

z dx1 ∧ dx2

= ρg

∫
M

1 dx1 ∧ dx2 ∧ dx3

= ρgV.

Thus the fish suffers a vertical upthrust
equal to the weight of water which it

displaces. By varying it’s effective vol-
ume, an object can alter its buoyancy.
Hence submarines are possible.

5. Exercise.

Show that the horizontal components of
force on a fish are zero.

6. Exercise.

Prove Archimedes Principle by letting
f(x, y, z) = ρgz and using∫

∂M

fn dA =

∫
M

∇f dV.

.

7. Fluid Flow.

Let v(x, y, z) be the velocity vector field
of a fluid of density ρ. The rate of flow
(mass per unit time) of fluid through a
surface element dA with normal vector
n is given by the scalar product ρv·ndA.
The quantity ~J = ρv is called the cur-
rent density, and

∫
~J · ndA the flux.

By the divergence theorem∫
∂M

~J · n dA =

∫
M

∇ · ~J dV

Hence the divergence of the current
denity ~J can be interpreted as the rate
of change of mass per unit volume.
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