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1. Theorem (Redfield).

Let V be a finite set of vertices and
C: {Cl,CQCm}

a set of colors. Suppose that a permu-
tation group G < S, acts on the set of
colorings C" by

oxf=foo !

Define a polynomial Py ( the cycle in-
dex) as follows. For each permutation
o € G with cycle form vy - - -1y let

Py(X1,Xs,..., X) = X X502 X

be the cycle structure of o. Let

Vi= Ci+Co+---+Cp
Vo= (Ci+C5+--+C2)

V= (Ci+Co+ -+ Cp)F

Define
1
Po=—Y P,(Y1,Ys, - Y,)
|G| ceG
Then

(a) Pg is a weight inventory of the col-
orings f € V¢ fixed by ¢ which are
constant on cycles of o.

(b) P,(m,m,...m) is the total num-
ber |C,| of colorings fixed by o.

Proof.
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Generalizing the ideas used in these ex-
amples shows that

Po‘(}/la}/Qv'”Ym) = (Cl+02++cm)yl
X (CT+Ch+--+C2)”
X (CY+ 5+ 4+ Cp)”

x (CF+Ch+ .4 CF )

is an inventory of the colorings f € V¢
fixed by o which are constant on cycles
of 0. Le.,

P,(Y1,Ya,...,Y3) = > _|XiW;

where X! is the set of colorings of
weight W; which are constant on cycles
of o. It follows, using Burnsides lemma,
that each the coefficient r; is the num-
ber of orbits of weight W.

Xi
PG(}/l’}/Q"")Yk):Z (%)m

%

= Z T’iWi

Finally, part (b) of the theorem is left
as a trivial exercise.

. Example.

The symmetry group of the square Dy:
) Q
s =
(88 13310 0 o> 2 7o)

act on molecules of the form

0——7

a—-3/0
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where «, 3,7,0 € {C1,Cy}. Let
Yi= Ci+ Gy
Yy = (CF + C3)°
Y= (CY + C3)°
Yy = (Cf+Cy)

The polynomial P, is computed for
each o in the table below:

o P, X,=P,(227272)
% X4 16
AT
« A Xi 2
- QI
A > Xi 2

O o X2 4
N
O\ XX, 4
R )
X3 8
o
Q

For each o0 € D, the number of color-
ings fixed by o is calculated using

|XO'| = Pa(m,m,m,m)

where m = 2 is the number of colors.
Since

> Pr=X{+2X7X) +3X] + 22X
the cycle index Py is:

1
Po(i Y5 Y3, Y) = 1o (> P vy}

1
= {Gi+ )+ 20 + B (CT + C3)
+3(CT + C3)* +2(C + Cy) }

= O O30y + 20202 + C,C3 + O

Hence there are 5 weight classes (chem-
ical formulae). The coefficients of Pg
count the number of isomers in each
weight class. Thus there are two iso-
mers with formula C?C%. These have
orbit representatives ,

Clicl ClicQ

02702 C2701



