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. Definition.

A point a € C is a singularity of a com-
plex valued function f if there exists
a neighborhood D of a such that f is
holomorphic on D \ « but not differen-
tiable at a.

. A singularity « is removable if there ex-
ists a € C such that

M{f(a) ifz#a,

a fz=a

is holomorphic in some neighborhood of
a.

. A singularity is a pole of order m if
there exists a function g(z) holomorphic
in a neighborhood of a and g(a) # 0
such that

) = 2

(z —a)m

,  ZF#a.

A pole of order 1 is called a simple pole.

. A singularity which is neither remov-
able nor a pole is called essential.

. A function f : C — C* is rational if
there exist polynomials g, h € C|z] such
that

9(2) .
O VE R
00 if g(a) # 0 and h(a) =

. Let f: C — C* be a rational function.

ap +ajz + -+ apz"
f(2)

bt bzt A by

The extension f : C" — C* of arational
function f to C* is defined by letting

0 iftm>n,
f(oo): ag/by ifm=mn
%) ifm<n
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Remark.

Notice that f(co) = f1(0) where f; is
defined as follows:

1 1
ap + Qi + -+ Angy

1y =
/) bo+ b1t +- +byom

-1
apz" + a4+ +ay,

( i ) Jm—n
Doz™ + b 4 by

fi(2)

Definition.

(a) If m > n we say that oo is a zero
of multiplicity m — n.

(b) If m < n we say that oo is a pole
of multiplicity n — m.

Claim.
Zeros( )| = [Poles(f)|
= max(m,n).
Proof. (By Cases.)
If m > n then f has
(a) n zeros in C and m —n at oo

(b) m poles in C and 0 poles at co

and hence |Zeros(f)| = |Poles(f)|

m = max(m,n) The other cases are
similar.
Example.
Let
8 5
fle) =255
Then, wup to multiplicity, f has

max(5,8) = 8 poles, 5 in C and 3 at
00.
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Corollary.

Let f: C* — C* be a rational function
of the form f(x) = % where deg(g) =

n and degh = m. If max(m,n) > 0
then f is surjective.

Proof.

Let a € C*. Then
g = h(2)a

Without loss it can be assumed that f
is in lowest terms.
|Zeros|(f — a) = max(deg(g — ha, h)
= max(deg g, deg h)
> 0.

Lemma.

A rational function f : C* — C* with
no poles is constant.

Proof.

If f:C* — C* has no poles in C , then
it must be a polynomial. If its degree n
is greater than zero, then it would have
a pole of order n at infinity. Hence f is
constant.

Claim. (Partial Fraction Expansion)

Let H be a rational function with no
pole at infinity (n < m). If H has poles
B1, B2y ..., B, then there exist polyno-
mials Gy, G, ...,G, without constant
terms such that

H(z) = éG (z—l@-) e

where C' is a constant.

Proof.

Let
1

fi(w) = B + "

Then H o fi(w) —as a rational function—
has a pole at w = co. Hence the degree

14.

of the numerator is greater than that of
the denominator. By division, we can
write

Ho fl(w) = Gl(w) + Hl(w)

where (G is a polynomial with no con-
stant term and H;(w) is a rational func-
tion which has no pole at co. Putting

1

w=Ji'(e)= =5

gives

H(z) - G <Z_131) = (z—lﬁz>

where neither side has a pole at ;. It-
erating this procedure for each of the
remaining poles produces

k

H(z) = ; G, (ﬁ) + Hy(w).

where Hy(w) has no poles in C*. By the
lemma, Hy(w) = C where C' is a con-
stant.

Example.

Find the partial fraction expansion of

Solution.

Notice H has a single pole 5, = 1 and so
only a single iteration of the procedure
in claim (13) is required. Specifically,
let

1 1
w w
Then,
1+ 1)
H(ﬁl %)_( Lw)
w3
=w+ 2w? + w?
= G1(w)



Since w = lelv it follows that

H(z) = Gy (z ! 1)

R SRS S
N (=12 (-1

15. Example.

Find the partial fraction expansion of

22

22 -1

H(z) =

Solution.

H has poles 51 = 1,8, = —1.

1 1
w w
CwrH2w+1

2w+ 1

1

where H;(w) has no pole at co. Simi-
larly,

H (52 + é) = —%w + HQ('LU)

where Hs(w) has no pole at co. Use of
(13) with

1 1
Gi(w) = zw, Ga(w) = —5W,
yields
4 1
( ) ; (Z_ﬁz)

1 1
2 2

2z —1 241 +C

Putting z = 0 shows that C' = 1.
16. Example.

Find the partial fraction expansion of

1

HE) = e

17.

Solution.
| ]
" (ﬁl y E) R e R
w2
N w(fr — f2) +1 + Hiw)
w
=5 "W

where H; is a rational fraction with no
pole at co. Similarly,

H(&+$):&?m+Hm“

where Hs is a rational fraction with no
pole at oco. Let
w w
Gi(lw) = ——, Gso(w)= )
=55 “W=5_%
Then, by claim (13),

H@):ilai (Z_lﬁ) +C

_ 1 1 n 1 1 n
B1— B2z — Bo — P12 — P
Putting z = 1 yields C' = 1.

C.

Example.

Find the partial fraction expansion of
1

24_n4'

H(z) =
Solution.
H has poles
B :ne%ﬁi, ke (0,...,3).
Noting that b} = n* we have

1 1
H ~) =
(@H-w) (5k+i)4_n4

w4

T 1+ 48w + 6620 + 4533

w
- Y iH
15 + Hy(w),

where Hj has no pole at oo. It follows
using (13) that

}ﬂaziéﬁﬁ(zjm)‘

k=0




