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1. Claim.

Let γ be a path in an open set Ω and g
a continuous function on Im γ. Define

f : Ω \ Im γ → C

by

f(z) =

∫
γ

g(ζ)

ζ − z
dζ.

Then, f is analytic on Ω \ Im γ and

f (n)(z) = n!

∫
γ

g(ζ)

(ζ − z)n+1
dζ. (1)

Proof.

Let z0 ∈ Ω \ Im γ and

r = min{d(z0, ζ) : ζ ∈ Im γ}.

Then, for s < r, and z ∈ D(z0, s)

1

ζ − z
=

1

ζ − z0 − (z − z0)

=
1

ζ − z0
· 1(

1− z − z0
ζ − z0

)
=

1

ζ − z0

∞∑
n=0

(
z − z0
ζ − z0

)
=

∞∑
n=0

1

(ζ − z0)n+1
(z − z0)n

Since ∣∣∣∣z − z0ζ − z0

∣∣∣∣ < q

s
< 1,

the series converges absolutely and uni-
formly. Hence,

f(z) =
∞∑
n=0

∫
γ

g(ζ)

(ζ − z0)n+1
dζ(z − z0)n

=
∞∑
n=0

an(z − z0)n,

and so f is analytic. Equation (1) fol-
lows by recalling that

an =
fn(z)

n!
.

2. Cauchy formula for first derivative.

If γ is closed and f is holomorphic then

f ′(z) =
1

2πi

∫
γ

f(ζ)

(ζ − z)2
dζ.

Proof.

By the Cauchy formula

f(z) =
1

2πi

∫
γ

f(ζ)

(ζ − z)
dζ.

The result follows from (1) by putting

g =
f(ζ)

2πi
and n = 1.
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