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1. Introduction.

Cauchy’s theorem is important in the
reduction of integrals over complicated
paths to integrals over small circles.
These can then can evaluated in terms
of power series. The theorem reveals
that the only obstruction to the van-
ishing of the integral of a holomorphic
function around a closed chain is wind-
ing of the chain around some point.

The following is an outline of E. Artin’s
proof of Cauchy’s Theorem. §(1-14)
give some prerequisite material. The
source of this material is the book Com-
plex Analysis by Serge Lang. The ac-
tual proof begins at §15.

. Definition.

Let 2 C C a region. Two curves
v,m : [a,b] = Q are close together if
there exists a partition

a=ag<a <ap, --<a,=>o

and disks Dy, Ds, ..., D, C € such that
for all ¢ with 1 <i <n,

yla;-1,a;) € D; and n[a;_1,a;] € D;.
(1)

. Claim.

Let 2 C C a region and let v and n

be curves in ) which are close together

and f € Hol(Q). If v,n have the same
endpoints, or if v and 7 are closed, then

fr-Js

Since v and 7 are close together, there
exist disks D;, i =1,...,n satisfying

Proof.
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(1). For each i, let F; be an antideriva-
tive of f on D;. Since both F; and Fj
are both antiderivatives on D; N D,
there exists a constant ¢ such that

Fi(2) = Fi(z) +¢, z2€DiNDiyy
In particular,

Fiia(zi) = Fi(2i) + ¢
Fi+1(wi) = E(wz) + c.

Therefore,
-Fi+1<zi> - Fz‘+1(wz‘) = -Fz(zz) - Fz(wz)

Now,

/f Z i(zi) = Fi(zi-1)]

/ £ = Y IFiw) = Fwi)

Subtracting and noting the presence of
telescoping series yields

/f /f Fo(za) — Fu(w,)

F1 20 - F (wo)]

It is seen that if either the two curves
have equal endpoints, or are both
closed, then

[

Let Q C C a region and v, n closed
paths in 2. We say that v is homolo-
gous to n in € if

. Definition.

W(y,a)=W(n,a), VYaecC\AQ.

Source: S. Lang, Complex Analysis.
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We say that v is homologous to zero in
Q if
W(y,a) =0, YaeC\Q.

L.e., v winds about no point in the com-
plement of (2.

. Claim.

Let 7,7 : [a,b] — € be closed paths. If
~ is homotopic to 7, then v is homolo-
gous to 7.

Proof.
Recall that if v is homotopic to 1 then

Aleﬁ

for every function f € Hol(f2). In par-
ticular, taking

1 1
= —" C\Q
/) omi a—a € \
shows that
Wy, a) =W(n,a).
. Remark.

The example below shows that the con-
verse of claim (5) is false.

Q -—h

7. Definition.

Let v1,72,...,7 be paths in a region
Q) C C. A formal sum

k
> v, m€l
i=1

10.

11.

is called a chain. A chain is called closed
if each ~; is closed.

Definition.

Let ~v1,72,...,7 be paths in a region
Q C Cand f: Q - C a continu-
ous function. The integral of f along
a chain v = Zle n;7; is defined by

Afz}jmvﬁ. )

Definition.

The winding number of a chain

k
T = Z URE
i=1

about a point a € C\ 2 is defined by

1 1
W(%Oé)—Q—m/vz_&dZ

the integral being evaluated using (2).

Definition.

Two closed chains v and 7n are homolo-
gous in a region 2 C C if

W(y,a) =W(n,«a), YaeC\Q.

Definition.

Let €2 C C be a region and
v :la, b = Q
a path. Let
a=a<a<ay<...a,=2>b
be a partition of [a, b]. Let
i+ lai—1, a;) — Q

be the restriction of 7 to [a;_1, a;]. The
chain

n=Y+t%+" "

is called a subdivision of .



12.

13.

14.

15.

Definition.

Let v be a chain. A chain 7 is a sub-
division of v written n = top~y if n is
obtained from v by subdividing paths
in 7.

Corollary.

If n = top~, then

fr-Js

Let v be a path in an open set 2. Then,
there exists a rectangular path n with
the same endpoints such that v and 7
are close together.

Proof.

Lemma.

Since Im~ is compact, there exists a
covering by a finite number of open
disks D+, D», ... D, and a partition

a=ay<a<ays<---<a,=>b
such that
Yila; — 1,a;] € D;.

The restriction of v to each disk can
clearly be replaced by a rectangular
curve within the disk.

Cauchy’s Theorem.

Let €2 C C be open and v a closed chain
in 2. If v is homologous to zero then

fi-

for any function f which is holomorphic
in ).

Proof. (E. Artin).

By (14) there exists a rectangular closed
path 7 close to . Therefore,

[r=1

for every f holomorphic on €). In par-
ticular, if &« € C\ Q then

1 1
/ dz:/ dz
g 2=« L Z—

and so, if v is homologous to zero, then
so is n. Hence, we may assume from
the outset that v is a rectangular path.
Indeed, the proof is finished if we can
show, in this case, that there exist rect-
angles Ry, Ry, ..., R, C € and non zero
integers my, mo, ..., m, such that

Zn: m;0R; = top~y

i=1

for, by the theorem of Cauchy and
Gourset, since f is holomorphic on each

R;,
[ fonn?

= 0.

The desired set of rectangles R, some
of them unbounded, is obtained as fol-
lows.

(a) Draw horizontal and vertical lines
through each edge of the rectangu-
lar curve 7.

(b) For each rectangle R; formed in
step (a), pick a; € R; (the inte-
rior) and let m; = W (7, «;).

(c) Let Ry, Ra,... Ry after a possi-
ble renumbering, be the rectangles
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Rectangles R; with m; # 0
(before relabeling)

Subclaim.

Q) contains the rectangle Ry, R, ..., Ry
together with their boundaries.

Proof.

Let a € C\ 2. Since 7 is homolologous
to zero in (2

W(y,a) =0, VaeC \Q

Suppose (by contradiction) that « € R;
for some 1.

(a) If @ € R; then
W(fy’ Oé) = W('}/, ai)
= mi
# 0,
which is a contradiction.

(b) If @« € OR; N Im~, then o € Q

which is a contradiction.

(¢) If @« € OR; \ Im~, then

W(77 O‘) = W(77 C(i) 7& Oa
yet another contradiction.

Since a belongs to none of the R; the
subclaim is proven.

It remains to show.

Z m;0OR; = top .

Subclaim.

Let 1 be the subdivision of v with path
set determined by the trace of the path
~ in the edge set of the rectangles and
let

Then,

W(C,a) =0, VYanotonC. (3)

Proof.

Since 7 is closed, C'is a closed chain and
W(Cv Oé) = W(% CY) - mZW(aRza Oé)'

(a) If a is in one of the unbounded
rectangles, then the constancy of
W in such a region, together with
the fact that ﬁ — 0as z = 00
means that the constant must be
ZEro.

(b) If « € Ry, 1<k <N, then
W(na O‘) = W(na ak) = Mg
and

1 ifi—k,
anR“a)::{o if i # k

It follows that

W(C,a) =M — Mg = 0.

(C) If «a € R € R\{Rl,RQ,...RN},
then W(n,«a) = W(y,a) = 0 and
W(OR;,) = 0. Again, it is seen
that W (C,a) = 0.

(d) If « lies on the boundary of
any rectangle but not on C' then
W(C,«a) = 0 by continuity of W
in the regions determined by C.



Thus in all cases (3) holds.

Subclaim.

n= Z m;OR;
Le., C=0.
Proof.

Suppose to the contrary that there ex-
ists a segment o € C. Then,

C'=mo+ C".

for some integer m # 0 and chain C*
not containing o. There are two cases:

Case 1.

o is side of an finite rectangle R .

o
9
[ Je)

Without loss, we can orient o to co-
incide with the orientation of OR. Let
a € R, and o/ € R be points close to
and on opposite sides of o. Since o does
not belong to the closed chain C—madR,
it follows (from the constancy of W on
the regions determined by C' — moR )
that

W(C —moR,a) = W(C —mdR, )
=W(C,d)

Therefore,
W(C,a) —mW (IR, a) = W(C,a')

Since W(OR,«) = 1 and W(C,d/) =
W(C,a) = 0, it follows that m = 0,
which is a contradiction.

Case 2.

o separates two infinite rectangles

16.

17.

[ ]
Q

Since C = mo + C*,

W(C,a):ﬁ[/ ! dz+/ ! dz]
2m | ), 2 — @ o X —

and

1 1
W(C, ') = i

) !/
21 ),z — @

Hence by (3)

1 1 1 1
/ — dz:/ — dz
s o z—ao o+ Z—a z—d

Since o ¢ C* the right hand side is a
constant on the segment [«, o]. Letting
a — o shows that the constant is zero.
Direct integration over a segment shows
that the integral on the left is non zero.
It can only be that m = 0 which is im-
possible. This completes the proof that
n = > m;R;. Since n = top~y Cauchy’s
theorem is proven.

21 Jow 2 — o

Corollary.

Let 2 C C be aregion and v, n be closed
chains. If v homologous to n in €. If
f € Hol(£2) then

[

Since v — n is a closed chain, Cauchy’s
theorem implies that

I

Let €2 C C be a region and v a curve
homologous to 0 in 2. In order to ap-
ply Cauchy’s theorem on the region 2 a

Proof.

Remarks.
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function f must be holomorphic on €.
If f is holomorphic only on a subset

) Zn}-

and say W (~,z;) # 0 for some i, the
theorem cannot be applied to the curve
~ which is not homologous to zero on
Q*. The following corollary shows that
in this situation, there exists a chain
homologous to 0 on 2* which permits
application of the theorem.

Q*:Q\{Zl,ZQ,...

Corollary.

Let €2 C C be a region and ~ a closed
chain homologous to 0 in €2. If f is holo-

morphic only on a subset
Q" =Q\{z1,22,---,2n}

Then, there exists a closed
>oi, m;C; on QF such that

is homologous to 0 in 2* and, in partic-

ular, )
szgmifcif. (4)

chain

Proof.

For each i, C; be a counter clockwise
oriented circle surround z; and small
enough so as not to intersect the curve
~v. The C; can clearly be chosen to be
disjoint. Let m; = W (v, z;) define a
closed chain,

We claim that C is homologous to 0
in Q*. Let a any point in C\ Q*. If
a & {z1,22,...,2,}, then W(C;, z;) =0
i€ (1,...,n). Also, in this case a € C\

19.

Q2 and so, by hypothesos W (v, a) = 0.
Hence,

W(Cv Oé) = W(77 CY) - Z m'LW(OH Oé)
=0.
On the other hand, if a = z; for some
k, since o € Q, W (v, a) = my, and
1 ifi=k
W(OC,a) =4
0 ifi#k

Once again, W(C,«) = 0. Thus C is
homologous to zero in {2 and equation
(4) follows.

Example

Let v be the curve drawn below. Let
Q= C \ {21,22,23}. Let 01702,03
be small circles centered at zi, zo, 23
respectively and oriented counterclock-
wise. Since

C:’y—|—201+02+03

is homologous to 0 and so if f € Hol Q*,
then

/7f=—2/01f—/02f—2 [ s




