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1. Definition.

A topological space X is connected if
it cannot be divided into two disjoint,
nonempty, open sets.

A subset of a topological space is said
to be connected if it is connected under
its subspace topology.

. Claim.
I =[0,1] is connected.

Proof.

Suppose to the contrary that I is not
connected. Then

I=AUB

where A, B are open (in the subspace
topology) and non empty. It can be as-
sumed that 0 € A. Let

T={r:[0,7] C A}

Since A is non empty and bounded
above, it has a supremum &. Since A, B
are disjoint and non empty, it must be
that &€ < 1. If £ € A, then since A
is open, there exists 0 > 0 such that
¢+ 6 € A contradicting the fact that
¢ is an upper bound for T. If £ € B,
since B is open, there exists § > 0 such
that £ —0} € B again contradicting the
definition of &.

. Claim.
A path-connected space X is connected.
Proof.

Suppose X is not connected, so that
there exist A, B disjoint nonempty such

that X = AUB. Let a € A and b € B.
Let v : [0,1] — X be an (a, b)-path with
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7(0) = a and (1) = b. Then, it is easy
to see that

0,1 =7 [AJ U~ [b]
Since « is continuous, the (nonempty)
sets v~ [A] and y~![b] are open. This

contradicts the connectedness of the in-
terval [0, 1].

. Corollary.

Open disks in C are connected.

. Definition.

Two subsets A and B of a topological
space are separated if they are disjoint
and neither contains an accumulation
point of the other.

. Lemma.

Let A and B be connected subsets of a
topological space. If A and B are not
separated then A U B is connected.

Proof.

Suppose to the contrary that AU B is
not connected. Since both A and B are
connected, it must be (exercise) that
AU B is a disjoint union. Without loss
of generality, suppose that some point
a € A belongs to B’. Then every neigh-
borhood of a intersects B. This is im-
possible since A is open and A and B
are disjoint.

. Claim.

Connectedness does not imply path
connectedness.

Counter example: Let £ be the set of
lines

1
y=—x, neN
n

Let A=UL and let B = {(0,1)}. Then
A and B are connected. Also, A and B
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are not separated since (0,1) € A’. It
follows that A U B is connected. Let
p: [0,1] — L be a path such that p(0)
= (1,0). It can be shown by a techni-
cal argument that that p(¢) = (1,0) for
all t € [0,1]. From this it follows that
AU B is not path connected (which is
intuitively obvious).

. Claim.

Let A C C be open. If A is connected,
then A is path connected.

Proof.

Let zp € A and

Ay = {z € A: there exists an (2, z)-path}

the set of elements reachable from zj.
It suffices to show that A; = A. Sup-
pose to the contrary that A; # A. Then
Ay = A\ Ay # 0. Let z € A;. since A is
open, there exists an open disk D such
that z € D C A. Since z € D every
point in D is reachable so z € D C A;.
That is, A; is open.

We claim that A; is also closed. Let a
be an accumulation point of A;. Then
any open disk containing ¢ must con-
tain a point of A; different from a.
It follows that a is reachable. There-
fore, Ay is also closed and A, is an
open set. This is a contradiction since

A=A U Ay would then be a discon-
nection of A.



