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Topics

1.

Introduction.
Historical remarks (Kénigsberg, four-color problem, utility problem). Brief examples of graphs
in mathematics, computer science, and the natural and social sciences.

Combinatorial and relational preliminaries.

Finite sets, functions, injections, surjections, and bijections; number of functions, injections,
and bijections between finite sets. Binomial coefficients and the identity ), (Z) = 2". Binary
relations; equivalence relations and equivalence classes; partial orders (definition and Hasse
diagrams only). Digraph of a relation. Digraph of a function f : A — A: each component
contains exactly one cycle, with trees directed toward the cycle. Digraph of a permutation:
disjoint union of directed cycles. These facts are used later for components, connectivity, and
Cayley’s formula.

Basics.

Graphs, digraphs, and multigraphs. Degrees, in- and out-degrees, and the handshaking lem-
mas. Isomorphism. Adjacency and incidence matrices; number of walks as entries of matrix
powers. Walks, trails, paths, cycles, and components (components as classes of the walk-
equivalence). Special graphs: complete graphs, complete bipartite graphs, paths, cycles, and
trees. Elementary operations used later: deletion, contraction, and complement. Subgraphs,
spanning subgraphs, and induced subgraphs. Number of labeled simple graphs on a fixed

n-set: 2(2). (Subdivision and minors are introduced when needed for planarity.)

Degree sequences.
Graphic sequences. Havel-Hakimi algorithm and proof. Erdds—Gallai inequalities (statement,
with proof if time permits).

Trees and spanning trees.

Acyclic graphs and forests. Equivalent characterizations of trees: connected and acyclic;
unique path between any two vertices; minimally connected; maximally acyclic; connected
with n — 1 edges. Leaves: every tree on n > 2 vertices has at least two leaves. Rooted trees.
Spanning trees and their existence in a connected graph. Minimum spanning trees: cut prop-
erty, Kruskal’s algorithm, Prim’s algorithm. Enumeration: deletion—contraction recurrence;
Priifer code for spanning trees of K,,; Cayley’s formula n"~2. Optional: statement of the
matrix-tree theorem.
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6. Connectivity.
Distance, diameter, and radius. Cut-vertices, bridges, and 2-connected graphs. Blocks (max-
imal 2-connected subgraphs) and the block-cut tree; the analogous edge-blocks (maximal
2-edge-connected subgraphs) and their tree structure. Ear decomposition: every 2-connected
graph is an ear assembly beginning with a cycle; use in inductive proofs. Vertex- and edge-
connectivity; the inequalities k < k' < §. Menger’s theorem (vertex and edge versions),
including the two-disjoint-paths characterizations of vertex- and edge-2-connected graphs.

7. Eulerian and Hamiltonian graphs.
Euler’s theorem: a connected graph has an Euler circuit if and only if every degree is even,
and an Euler trail if and only if exactly zero or two degrees are odd. Hierholzer’s algorithm.
Chinese Postman Problem (statement). Hamiltonian paths and cycles; necessary conditions
(in particular, a Hamiltonian graph has no cut-vertex). Dirac’s theorem and Ore’s theorem.
Remark: Eulerian circuits are polynomial-time; Hamiltonian cycle is NP-complete (statement
only).

8. Bipartite graphs and matchings.
Characterizations: 2-colorable if and only if there is no odd cycle. BFS 2-coloring algorithm
and extraction of an odd cycle when the graph is not bipartite. Matchings, maximum and
perfect matchings, vertex covers. Alternating and augmenting paths; Berge’s lemma. Hall’s
marriage theorem and the deficiency form. Konig’s theorem. Augmenting-path algorithm for
bipartite matching. Statement of Tutte’s theorem.

9. Planarity.
Plane and planar graphs, faces. Euler’s formula n — m + f = 2 for connected plane graphs.
Consequences: m < 3n — 6 for simple planar graphs on n > 3 vertices, and m < 2n — 4
for simple bipartite planar graphs. Non-planarity of K5 and K3 3. Kuratowski’s theorem and
Wagner’s theorem (statements; subdivisions and minors illustrated). Geometric duals of plane
graphs. Optional: five-color theorem for planar graphs (sketch).

10. Vertex and edge coloring.
Proper vertex colorings and the chromatic number. Greedy bound xy < A 4 1. Brooks’
theorem. Clique number and the inequality w < y. Chromatic polynomial via the deletion—
contraction recurrence; values on trees and complete graphs. Four-color theorem (statement).
Edge coloring and the chromatic index; Vizing’s theorem (statement: x' € {A, A+ 1}).

Remark. If the semester runs short, topics will be cut in this order: the matrix-tree statement, the
five-color sketch, Vizing’s theorem, Ore’s theorem.
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Evaluation

Grade will be based upon two partial exams (50%) and a comprehensive final (50%) .

Grading Scale
Letter grade (A, B, C, Eor F )



