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Simple Graphs1

1. A simple graph G is an ordered pair (V,E)
where V is a nonempty set of elements
called vertices and E ⊆

(
V
2

)
. The elements

of E are called edges.

2. Let G = (V,E) with V = {a, b, c} and
E =

{
{a, b}, {a, c}

}
. Then G is a simple

graph. One drawing is

a

b c

3. Two simple graphs G1 = (V1, E1) and
G2 = (V2, E2) are equal, written G1 = G2,
if V1 = V2 and E1 = E2. Otherwise they
are different (G1 ̸= G2).

4. G1 = (V1, E1) and G2 = (V2, E2) are iso-
morphic if there exists a bijection α : V1 →
V2 such that

{x, y} ∈ E1 ⇐⇒ {α(x), α(y)} ∈ E2. (1)

5. Condition (??) is equivalent to

(a) {x, y} ∈ E1 =⇒ {α(x), α(y)} ∈ E2,

(b) {x, y} /∈ E1 =⇒ {α(x), α(y)} /∈ E2.

Thus an isomorphism maps edges to edges
and non-edges to non-edges.

6. The bijection α : {a, b, c} → {p, q, r} given
by α(a) = p, α(b) = q, α(c) = r is an iso-
morphism of the graphs

a

b c

p

q r

7. Find an isomorphism between the graphs
below.

1 2

34

p s

rq

Solution. Write G and H for the two
graphs. Let α : V (G) → V (H) be

1 7→ s, 2 7→ r, 3 7→ q, 4 7→ p.

Then

{1, 2} 7→ {s, r} ∈ E(H),

{2, 3} 7→ {r, q} ∈ E(H),

{3, 4} 7→ {q, p} ∈ E(H),

{1, 3} 7→ {s, q} /∈ E(H),

{1, 4} 7→ {s, p} /∈ E(H),

{2, 4} 7→ {r, p} /∈ E(H).

So α is a bijection sending edges to edges
and non-edges to non-edges, hence an iso-
morphism.

8. A necessary condition for isomorphism is
|V1| = |V2| and |E1| = |E2|. In general,
checking for ismorphism is a difficult prob-
lem. There is no short list of parameters
that is also sufficient, and if |V1| = |V2| = n
there are n! bijections V1 → V2.

9. Let G = (V,E) be a simple graph. A bijec-
tion α : V → V is an automorphism of G
if {x, y} ∈ E ⇐⇒ {α(x), α(y)} ∈ E. An
automorphism is an isomorphism from the
graph to itself.

10. Let G = (V,E) with V = {a, b, c} and
E =

{
{a, b}, {a, c}

}
.

a

b c

The only automorphisms are id and the
map α with α(a) = a, α(b) = c, α(c) = b.

a

b c 7→
a

c b

1Notes based on Lectures by A. Kelmans at the University of Puerto Rico, 1996.
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11. Let α : V → V ′ be an isomorphism of sim-
ple graphs G = (V,E) and G′ = (V ′, E ′).
Then

(a) |V | = |V ′|,
(b) |E| = |E ′|,
(c) dG′(α(v)) = dG(v) for all v ∈ V ,

(d) α maps cycles to cycles.

12. Consider the graphs G and G′ drawn be-
low.

G

G′

Then G ̸≈ G′, since G′ has a vertex adja-
cent to two vertices of degree 3 and G does
not. Checking all 7! bijections is not effi-
cient; in general the isomorphism problem
is hard.

13. Isomorphism of simple graphs is an equiv-
alence relation. Proof: exercise.

14. Exercise: Find the number of different sim-
ple graphs G with V (G) ⊆ {v1, v2, . . . , vn}
that are isomorphic to each of the follow-
ing.

(a) k ≤ n/2.

1′

1

2′

2

3′

3

k′

k

· · ·

(b) k ≤ n− 1.

0

1 2 3 k
· · ·

(c) k ≤ n.

1 2 3 k
· · ·

(d) k ≤ n.

1

2k

(e)

(f)

(g)
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