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1. Claim.

Let M1 and M2 be R-modules. Define
coprojections:

q1 : M1 →M1 ×M2, a 7→ (a, 0)

a2 : M2 →M1 ×M2, b 7→ (0, b)

Then
(M1 ⊕M2, q1, q2)

is a direct sum in the category of R-
modules.

Proof.

Let M be an R-module and

fi : M →Mi, i = 1, 2

R-module homomorphisms. We seek γ
such that the following diagram com-
mutes.

M

M1 ⊕M2 M2M1

f1 f2
γ

q2q1

I.e., such that

γqi = fi, i = 1, 2.

But as in the case of the direct product:

(q1p1 + q2p2)(a, b) = q1(a) + q2(b)

= (a, 0) + (0, b)

= (a, b)

= 1(M1×M2)(a, b)

Commutativity of the diagram requires
that

γqi = fi, i = 1, 2

and so (if γ exists) it must be that

γ = γ1

= γ(q1p1 + q2p2)

= f1p1 + f2p2

This equation uniquely defines the re-
quired morphism γ.

2. Corollary.

Let A,M1,M2 be R-modules. The fol-
lowing is an isomorphism of abelian
groups.

HomR(M1⊕M2, A) ' HomR(M1, A)×HomR(M2, A)

Proof.

Similar to the case of the direct prod-
uct.

3. Remark.

The preceeding results generalize to in-
dexed families. Specifically, Given such
a family Mi, i ∈ I of R-modules to-
gether with coprojections qi, i ∈ I,
there exists a unique R-module homo-
morphism γ such that

(a) the diagram

M

⊕
i∈I Mi Mi

fi
∃γ

qi

commutes.

(b)

HomR

(⊕
i∈I

Mi, A

)
∼=
∏
i∈I

HomR (Mi, A)

4. Remark.

If the index set I is finite, then the
direct sum and the direct product of
modules are equal. otherwise, the di-
rect sum is a submodule of the product.
(See Wikipedia).
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