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1. Let σ be a permutation of the set

S = {1, 2, . . . , n}

and id the identity permutation on S.
Then there exists a sequence τ1, . . . τn
of transpositions of S such that

τnτn−1 · · · τ1σ = id

Proof. Let Gσ be the function digraph
of σ. Recall that each component of Gσ

is a directed cycle or a loop.

· · ·

Let ω be the number of components of
Gσ. If σ is not the identity permuta-
tion then some component must con-
tain at least two edges. Let s(Gσ) be
the graph obtained from Gσ by switch-
ing the heads of these two edges (shown
in blue in the figure.).
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Notice that this operation increases the
number of components by one. Hence,
by repeated switching, (or more for-
mally, by induction on the parameter

k = n−ω) it follows the number of com-
ponents can be increased until ω = n at
which point every component is a loop.
The final graph ε is just the function
digraph Gid of the identity permutation
id.
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Hence, there exists a sequence of graph
switches s1, s2, . . . , sn such that

snsn−1 · · · s1(Gσ) = Gid

Notice (exercise) that if a graph switch
s interchanges the heads of edges (p, x)
and (q, y) and τ is the transposition
(x, y), then

Gτσ = s(Gσ)

In other words, the function digraph of
the permutation τσ is is obtained from
that of σ by the switch s. It follows
from this that

Gτnτn−1···τ1σ = snsn−1 · · · s1(Gσ)

= ε

= Gid

Hence,

τnτn−1 · · · τ1σ = id

2. Corollary.

Every permutation is a composition of
transpositions.
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