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1. Reminder.

Let V be a vector spaceand A : V — V
linear and I the identity mapping. Sup-
pose that V is a direct sum

V=UaW.

If bases for U and W are conjoined to
form a basis for V' then the matrix of A
can be split into four blocks

[All A12:|
A21 A22

and clearly,

(a) A2 =0 <= U is A invariant
(b) Ay =0 <= V is A invariant
. Example.

Suppose
V=UasW.

where U,V have bases {u,us} and

{wy, ws} respectively. If

Auy = aqug + Brug + 1w + 01ws
Auy = apuy + Baug + Yowy + dawo
Avy = aguy + Paus + y3wy + d3we
Avy = ayuy + Byug + Y4wy + 04w2

then the matrix of A is

Q1 Qg Q3 Q4

Br B2 Bz Ba
Y Y2 Y3 4
01 Oy 03 04

If U is A invariant, then the matrix re-
duces to

a; Qg O3 04

Br B2 Bz Ba
0 0 v 7|’
0 0 65 04
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and to

a1 Q9 0 0

Bi B2 0 O
0 0 m ™
0 0 63 04

if both U and W are A invariant.

. Facts from Linear Algebra..

Let V be a finite dimensional vector
space and A : V — V linear.

(a) The kernel and image of A are A
invariant.

(b) Ajker i is nilpotent.
(c) ker A™ C ker A™*+!
(d) A ker A" C ker A"?

. Definition.

Let A be a scalar. Define subspaces (X;)
by

X; =ker(A— M), i>1.

. Remark.

By (3¢)

Moreover, since V is finite dimensional,
there exists a smallest k£ such that
Xir1 = Xi.

. Lemma.

If XkJrl = Xk, then
XkJrl = Xk, for all [ > 0.

Proof.

By induction. If [ = 1 the statement is
true by hypothesis. Let [ € N and as-
sume that X, 1 = Xj. We must show
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that X, = Xi. Suppose to the con-
trary that this is not the case. Then
there is a vector v € Xpyy \ Xgpi—1-
Hence,

(A=A =0, (A-XDF"0 £0

Let w = A — Al )v. Then

(A=A =0, (A=A w #£0
contradicting the induction hypothesis.

. Lemma.

Let k£ be the smallest integer such that
ch—H = Xk Then

V =ker(A—A)*@Im(A—-\)* k> 1.

Proof.

From basic linear algebra, the dimen-
sions of both sides are equal. It there-
fore suffices to show that

ker(A — AI)"NIm(A — \I)* = {O}.
Let v € ker(A — AI)* N Im(A — AI)*.

Then
(A= MD)fv =0

and there exists w such that
v =(A—\)Fuw.
It follows that
Im(A — \I)*w = O.
By the preceeding claim,
(A= MD)*w = (A - \)rw

and so v = O.
. Lemma.

Let p1, ... p, be the distinct eigenvalues
of A. Let

V; = ker(A — 1)k

Then

(a) Ay, € Vi

nilpotent.

(c)
V=VieVe oV

= @ker(A — D).
i=1

(d) dimV; is the multiplicity of p;
Proof of (a).

3d

(3d)
(A — pu;1)V; C ker(A — )" "

(30)
C ker(A — p,I)"

— V.
Since u;I1)V; C V; we have
AV = (A — il + 1)V C V.
Proof of (b).
A, = pad + (A = pidyy;)
and (A — p;I)y, is nilpotent by (3b) .
Proof of (c).

We use induction on the dimension of
V. We first show that pu; is the only
eigenvalue of Ajy,. Suppose that there
exists a non zero vector v € V; and

(A —p;I)v = 0. Then
(A = pil)v = (1 — pi)v.
It follows that
O = (A —ml)*v = (5 — p)*v
and so p; = ;. Now, by (7)
V =ker(A — ;)" @ Im(A — p,I)*
=V,aV’

where V' = (A — p;I)". Since p; is the
only eigenvalue of Ajy;. it must be that
dim V' < dim V' and (8c) follows by in-
duction on the dimension of V



10.

Proof of (d).

Since yi; is the only eigenvalue of Ajy;.
The characteristic polinomial

Py, (z) = (z — pa)™
where n; = dim V. Since
PA(I) = PA‘Vi(I)PA“//(l’),

the multiplicity of p; is given by adding
to n; to the multiplicity of p; in Pajy.
The latter is zero since p; is not an
eigenvalue of Ap. (If (A —pI)v =0
for some v € V', then (A —p;1)"v = O.
But (A — pI)['A — pI)" is surjective
and hence injective. It follows that
v = O which is a contradiction.

Corollary.
A matrix of A € End(V') has block di-

agonal form

,u1[m + N1 O

O ,ur]nr + N’r

where the dimension of the i’th block is
the multiplicity of eigenvalue pu,, and N;
is nilpotent.

It will be shown that by a suitable
choice of basis the matrix of A can be
further reduced

Definition.

Let n > 1 be a natural number and A\ a
scalar. The Jordan Block J,(\) is the
n X n matrix

M, + S,

where [, is the nxn identity matrix and
S,, is the matrix defined in terms of its
action on a basis {d1,d,...0,} by

S, (61) = O
Sn(65) = 0j1.

11.

12.

13.

14.

15.

Example.

o O O >
S O > =
O > = O
> = O O

Claim.

The matrix S, is nilpotent with index
n.

Proof.

Notice that n iterates of .S,, kill the ba-
sis and n — 1 do not.

Corollary.

Powers of Jordan blocks can be com-
puted as follows:

T\ = (A + S)™

= \"1 + (T)X"—RSHL fe

4 m )\mfnJrl‘anfl.
n—1

Definition.

A Jordan matriz is a direct sum of Jor-

dan blocks.
Example.

The Jordan matrix J3(5)® J2(2)® Jo(3)
is

5100000
05 1[0000
0050000
0002 1]0 0
0000200
00000[31
0000 0[0 3]




16.

17.

18.

Remark.

Since
(A@ B)" = A" ® B",

powers of Jordan matrices are easy to
compute.

Lemma.

Let V be a finite dimensional vector
space. If N € End(V) is nilpotent with
index p. Let v € V such that NPv = O
and NP~y # O. Then

vN = (v, Nv, N*v,... NP"1v)

is an independent list.
Proof.

If the vectors are not independent, one
of them, say N'v, can be written as
a linear combination of the later ones.

Le.,
p—1

Niy = Z chjv.

j=it1
Applying NP~=1 to both sides yields

p—1
NPl = Z chjer_i_lv
j=i+1
=0
contradicting the definition of p.

Lemma.

Let X, be the subspace generated by
the vectors

(v, Nv,N%v,... N* 1)

where k < p is the smallest integer such
that N*v = 0. The matrix of N|x, rela-
tive to the basis

61 :Nkflv,égsz*QU,...,ék:v

is the matrix S, defined in (10). Specif-
ically, Sy is the Jordan block

19.

O =
o =

J(0) =

O
o

with zeros a diagonal entries.
Proof.
Observe that

N(6) =0

N(0;) =6;1,1<j <k

Lemma (Basis extension).

Let N be nilpotent of index p and
(v;)}_, is a maximal length sequence of
vectors such that

NP~ Ly NP7 lyy . NP1y,

are independent. For each 7 let v;y be
the list

(NUZ', N2Ui, Ce Np_l’Ui)

then there exist wy,ws, ... w, € V such

that
UlNUUQNU...7’l}lNU1U1NU‘..anN
is a basis for V.

Proof.

By induction on p for arbitrary V. If
p = 1 then NP=! = ] and the result
is trivial since any linearly independent
set can be extended to a basis. Assume
the proposition is true for nilpotent op-
erators of index p—1 and let N be nilpo-
tent with index p. Let vy, v9,...0v, € V.
a maximal length list of vectors such
that

Np_lﬂl,Np_lvg, . ..Np_ll)l

are independent. Then letting v; =
Nu;, we see that (7;)l_, is a maximal
length independent list such that

NP=2(0y), NP2(0y), ..., NP7 2(1)



is independent list. Notice that v; €
ker NP~ and Njyer yo-1 is nilpotent of
index p — 1. By induction, there exist
w1, W, . .. w, such that such that

B=vyU- Uty Uwy- - Uwy
is a basis for ker NP~1, We claim
B={v,vq,...0,} UB

is a basis for V. Before proving this,
Note that for each ¢

(4 U jSN = (’UZ', T}Z‘, N’ljl, N2@Z‘, N Np_QT)i)
= ('Ui, NUi, ]\ZQU,L'7 c.e prlvl
= UiN

and it can be concluded that

B = vinUvonU. .. ,UZNU’LUlNU. Uwen

is a basis for V.

Linear Independence:

ZcimeZ{cZz:zEB}:O
= Zcivi:—Z{czz:ZEB}
— chi:—Z{czz:ZGB}

and it follows that

!
v — Zcivi € ker NP1,

i=1
Hence there exist constants ¢, such that

l

U—ZCiUiZZ{CzZZZGB}

i=1
and so v € span B.
20. Theorem (Jordan).
Let A € C™*™, then
(a) A~ J, a Jordan matrix.

(b) The diagonal elements of J are the
eigenvalues of A.

Proof.
By (8¢)

r

A~ @(Mi]i—FN)

1

where the N, are nilpotent. By lemmas
(19) and (18) each N; is similar to a di-
rect sum of Jordan blocks with zeros as
the diagonal entries. Let P; invertible

— Z NP~ Ly, = — Z{csz_lz : z € B} such hath P 'N;P; = S;. Then

=S Z Cinil’Ui = O

where the final implication follows from
the fact that B is a basis for ker NP~1
Therefore ¢; = 0 since NP~ v, are inde-
pendent. Hence Y {c.z : z € B} = O
and so ¢, = 0 since B is an independent
set.

Spanning:

Let v € V. . By the maximality of
(v1,...1;), the vectors

prl,U’prlvb .. .prlvl

are dependent, and so there exist con-
stants ¢; such that

NP7 => {eNP o 1<i <1}

PNl + N;) Py = S;

and so A is similar to

Pt [MI + N1 ] [Pl
Pr_l NTI+NT

Le.,

il + Sy
A~
prd + S,

a direct sum of Jordan blocks.
21. Remark.

Since permutation of blocks is a similar-
ity operation, two Jordan matrices are
similar if they have the same blocks.

.



