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1. To find the null space of a matrix A, re-
call that if A ~ H where H has Hemite
normal form then

N(A) = N(H).

The following example illustrates the
computation of N(H).

2. Example:
Suppose
2 0 —2
H=10 0 2
0 0 0 O

N(H) is the set of solutions of the sys-
tem
$1+21‘2—2$4:0
T3 + 2.154 =0
Let F', P be the sets of free and pivot
variables.
P ={z, 73}
F = {372, 1'4}
Notice that any assignment of values to

the free variables yields a solution of the
system. In particular, the assignments

f =Ll =0

yield linearly independent solutions:

T -2 T 2
Tl | 1] ro| |0
3| | 0| x3| | —2
Ty 0 Ty 1

Since dim N(A) = 2 the two solutions
form a basis.
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3. Remark: If the variables are relabelled

so that the pivot variables are in the
initial columns.

1 0/2 —2
I 0 1/0 2
o o
which has the form
I F
O | O
Then
_F 00
gl 00
I 100
00

Thus, up to a relabelling of the vari-
ables the columns of {_—IF} yield a basis

for N(A). In this case

—2 2
—-F] |0 -2
I1= 1 o

0 1

. Example.

Let o = (1,2,3,4) € R*. Find a basis
for the subspace a*.
Solution. Let v = (a,b,c,d) € R*

Then,

veat e a+20+3c+4d =0
ol e N(H)

where H = [1 2 3 4}. Notice that
H is in Hermite normal form with free
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variables F' = {zy,x3,24}. Every as-
signment of values to the free variables
yields a solution. In particular, the
choices:

1 0 0
ol; |1]; o
0 0 1

yield three linear independent solu-
tions:

1 —2 -3 —4
z2| |1 0 0
T3 - 0 ’ 1 ’ 0
Ty 0 0 1

These vectors comprise a basis for NV(A)

and hence .

. Example. Find a basis for the subspace

w={e B -

Solution.
Notice,
h—
velW & ats X
c+3d=0
& (a,b,c,d)” € N(A)
1 300 : .

where A = 00 1 3l Notice, A is

in Hermite normal form. Since the vari-
ables xo and x4 are free the assigne-
ments:

f =L [ =0

yield independent solutions:

T -3 T 0
To| 1 To| 0
T3 - 0 ’ T3 - -3
Ty 0 Ty 1

comprising a basis for N(A). The cor-
responding basis for W is

o o] 15 )}

6. Example. Find a basis for the subspace:

W ={peP;:p(l)=0; p2) =0}

Solution.

Let v = a + bx + cx? + dz® € Ps.

Notice,

at+b+c+d=0
a+2b+4c+8d =0

& (a,b,c,d)” € N(A)

)
1
7
-2 —6

3 7

Since the variables x3 and x4 are free,
the assignements:

F =Ll =D

yield the basis

UEW@{

where

W o= e
oo

2
N
— =
_— O = = N

2 6
-3 -7
1] 0
0 1

for N(A). It is easy to verify that the
corresponding polynomials

22— 31 +2
22— Tr+6

form a basis for W.



