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1. A subset S of an affine space F is called
convex if

Vz,y€ S, TyCS

2. Definition.

Let E be an affine space and
r1,%a,...T, € FE. An affine com-
bination »_ Nz; with Y A, = 1 is
called a mass distribution if \; > 0,
1 <1< n.

3. Claim.

Let S = {x1,22,...2,} be a finite set
of points in an affine space. Then the
set H(S) of all mass distributions of S
is convex.

Proof.

Let p,q € H(S). Then there exist con-
stants A;, A\, 1 <i<mn

pzz)\i%‘, Z)\izly Ai >0
= N, > N=1 N>0
If 0 <t <1 then

(L=tp+tg = [(1—t)A + tN]z,

= Z i

where p; = (1 — t)\; + tA.. Since
uwi=1land p; >0, 1<i<n,

(I1—t)p+tge H
Hence H is convex.
4. H(S) is called the convex hull of S.
5. Examples

(a) Let a1, 7, € R?, then H(zy,x5) is
the segment

AT1 + Aoz
where A\ + Mo =1, X\, >0
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(b) Let x1,25, 73 € IR? be non colin-
ear, then H(xq,x9,23) is a trian-
gle.

(c) Let o = (0,0) and let a1, 7, € R*.
Then H(o,x1, z3, 11+ 23) is a par-
alellogram.

. Claim.

Let A be any convex set containing
S ={x1,x9,...2,}. Then H(S) C A.
Proof.

(By induction on |S|). If S = {z1}
then H(S) = S C A and the result is
true. Let n € IN and S a set with n

elements. Let x € S. Then there exist
ti,t9, 1, € IR such that

n—1
Tr = Z tix; +t,x,
i=1

Ift,=1thenz =z, € A Ift, #1
then

n—1
t;
x:(l—tn)Z(l_t )xi+tnxn

i=1

=(1—ty)y+tyz,

where
n—1 t
= ! Z‘Z
Since
n—1
L;
— 17
1—1t,

it follows that y € H(x1,x9,..., Ty 1)
But A is a convex set containing
Z1,%2,...T, SO by the induction hy-
pothesis

H(._'L'l,.fg, cee axn—l) g A7
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in particular y € A. By convexivity of
A it follows that = € A and so

H(zqy,29,...,2,) C A

which was to be proven.

. Ilustration of the induction step of the
proof for n =3

1
T = §£L‘1 +§$2+§l’3

2(1 +1 )+1
=—(z21+ =z -
3t T g/ g

2,1
=—y+-x
3Y T 3"

where

1 1
Y= 51’1 + 51'2 € H(xy,z9)
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8. {tiu+tav : t1,t5 € R 4 Constraint}

|

Constraint

Set

|

Drawing

ti,t2 €ER

Plane

0 < t1,t2

Angle

0<t),ta <1

Parallelogram

v
<t; <1
0<ti< Triangle
t1 +t2 <1
O
v
<t; <1
0<ti < Segment
t; fty =1
O
<t; < K
0t < 11 Segment 2
t1 +t2 =35
uw
2
o
)
t1+te=1 Line




