Calculus of Propositions P - Theorems
Prof. Philip Pennance' -Version: 2004.

1. Axiom Schema for P.

For any formulae ¢,1, x the following
are axioms:

Al. — ¢ — Yy

A2, 5= ¢ = Yy =— e = )

A3, »—=—plloyp

The set of axioms for P is denoted A.
2. Notation.

In the metalanguage, the axioms may
be written:

(a) o= (¥ — o)

(b) (¢ = (¥ —x)
= ((p =) = (¢ = X))

(€ (¢ =L) =1) = o)
(or equivalently == — ¢.)

3. Remark.

In the equivalent axiom system of
Lukasiewicz (c) is replaced by

(b = ) = (¥ = ¢))

4. Definition.

The set T of theorems of P is defined
by:

(a) ACT

(b) if ¢ € T and — @y € T then
Ypel.

(¢) T is minimal with respect to (a)
and (b).

5. If p € T we write - ¢.
6. Definition.

A proof in P is a finite concatenation
©1p9 - -+, of formulae such that for
each 7 either
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10.

(a) ; is an axiom.

(b) ¢; follows by modus ponens from
two preceeding formulae.

Definition.
A set S of theorems is inductive in T' if
(a) ACS.
(b) peSand - ppe S=Y e S.
Claim.
Let S C T'is inductivein T then S =T
Proof.

T is minimal containing the axioms and
closed under modus ponens. Since S C
T it must be that S =1T.

Claim.

If wop1 -+ - ¢n is a proof then
©i c T, 1 S 1 S n
are theorems.

Proof.

By induction on n. If n = 0 then
vo € A and so is a theorem. Let n € N
and assume the claim is true for proofs
of at most n formulae. Consider a proof

YoP1 " Pn+yl-

of n+1 formulae. By induction hypoth-
esis ¢; € T for 0 < i < m. Since @, 11 is
either an axiom or obtained from previ-
ous formula by modus ponens, it must
be that ¢,41 € T.

Claim.

The following are equivalent:
(a) F ¢ (i.e., @ is a theorem).
(b) ¢ has a proof.
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Proof. Then
(«). Follows from the previous claim.

o Let - o fy e Bt
S ={p €T : phas a proof} is a proof of ¢ i.e., ¢ € S. It follows
Clearly A C S. Suppose that ¢ € S and that S is inductive in 7" and so S =T.

@ — ¢ € S. Then there exist proofs:

alaz...an:@

BiBa-Bn=p =1

Theorem.
Let ¢ € F. Then - ¢ — ¢.

Proof — In the metalanguage:

(i) (0= (@ =9) = (¢ =9) = (0= 9) A2
(i) (¢ = (¥ —9) Al
(iii) ((¢ = v) = (¢ = 9)) (i),(ii), mp
(iv) (¢ = (Y = @) = (¢ — @) Instance of (iii)
(V) ¢ — ¢ ii, iv, mp

In the language Lp the preceeding proof is just the concatenation of the following
theorems:

(i) == ¢ = Vo == ¢y — ¢¢
(i) = ¢ — v

(ili) =— Py — ¢¢

(iv) == ¢ = o = o0

(v) = ¢¢

Theorem. FL—F

Proof. (Redundant lines are included for clarity. )

i) (F—>1)—1)=>F A3,
(ii) ~—F = F A3.
(iii) (——F = F)—> 1L —>(-—F—F) Al.
(iv) L»>—-—F—>F (iii)
V) (L—=>—-"-F—>F)=(L—>-F)—=(L—=>F)) A2
(vi) (L= —=F)—= (L= F) (iv), (v), mp.



13.

14.

15.

16.
17.

21.

(vii) L > (F—1)— 1L
(viii) L — =—F
(ix) L—>F

Theorem. +F (F— 1) — (F — G)

Al
(vii)

(vi), (viii), mp

(Duns Scotus)

(Thus, in P an implication is true if the antecedant is false.)

Proof.

i) (L—=-G —-F—(L—-G) Al
(i) (L —G) Claim II.
(iii) F — (L — G) (i),(ii), mp
(iv) ( F=>(L—=>G) > (F—-1)—= (F—-@G) A2.
(v) (F—1)—=(F—QqG) (iii),(iv), mp
Definition. 18. Definition. A set S C T is inductive in
A subset I' C F. is called a theory. I if
The set I' C F of theorems of a theory (a) AUT CS.

I' is defined by
T1. AUTCT
T2. ¢ €T and — ¢ € T imply ¢ € T

T3. T is minimal with respect to (a)
and (b).

Thus
f:m{Ag}":Tl and T2.}

We write I' F ¢ instead of ¢ € T

Exercise.

LetqﬁEfar@aEVandHE]—".Show
that Sy € I'

Deduction Theorem.

(b) peSand 5 ppe S=YeSs.

19. Claim.

Let S C is inductive in T then S =T.

20. Example.
Define
(a) Toy=TUA
(b) Tnpp =Tw U{= pt: o9 €T}
Then

U{F" :€ N}

is inductive.

Let I' C F, a, 8 € F, then the following are equivalent:

(a) TUatk g

Proof. (=):

b) THa—p

Let S={feTUa:T'Fa— g} Itisshown first that S O AUT'Ua. Let § € AUTUa.

If € AUT. then

(8,8 —=a—B,a—p,)
is a proof of « — S in I'. If § = «, then I' - o — [ follows from F 5 — f.



It remains to show that .S is closed under modus ponens.

Then

(i) a—p

i) a = p—v

(ili) (¢ 5> p—v) —
(0= p) = (@ =)

(iv) (= p) = (a—v)

(V) a = v

andso'Fa—wv.ie,ves.

Proof. («):

IfTFa— §then (o, — B, 5) is a proof of 5 in I'U a.

22. Claim. ( Indirect proof)

23. Claim II.

TU{-p}F-as Tk (a—p)

F1l— F

Proof. (Redundant lines are included for clarity. )

i) ((F>L1L)—>1)—>F

(ix) L > F

24. Claim III.

(Thus, in P an implication is true if the antecedant is false.)

Proof.

F(F—1)— (F—G)

i) (L=G) = F—(L—->G)

(ii

(L —@G)

(i) F — (L = G)

(v) (F—1)—= (F—Q)

(Duns Scotus)

)
)

(iv) ( F>(L—=>G) = (F—-1)—= (F—->@a)
)

Suppose that u,u — v € S.

wes
w—ves

A2.
mp (i), (iii).
mp (i),(iv).

A3,

(i) repeated.
Al

(ii)

A2

(iv), (v), mp.
Al

(vii)

(vi), (viii), mp

Al
Claim II.

(i), (if), mp
A2.

(iii),(iv), mp



