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. Definition.

A regular curve v with tangent vec-
tor field 7" and non zero curvature is
a cylindrical heliz if there exists a unit
vector u and an angle 6 such that

T(t)-u = cosé.

. Claim.

The definition of cylindrical helix is in-
variant under reparametrization. l.e.,
if 4 is a reparametrization then the fol-
lowing are equivalent:

(a) T(t)-u = cosf
(b) T(s)-u = cosf.
Proof.

Since 7 is a reparametrization, there ex-
ists a smooth function g such that

Y=70g.
If t = g(s), then

T(t) u=
< T(g(s)) - u = cosf
<= T(s) = cosf.

cos

. Geometric Interpretation.

If ~ is cylindrical helix v parametrized
by arc length the component of 4" in the
u direction is a constant.

d
g(”/ -u) = cos#.

This is not true for an arbitrary param-
eter since

d
dt

ds
-u) = cosf—.
u) = cos -

/

(v
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4. Claim.

Let v be a regular curve with non zero
curvature x . The following are equiva-
lent

(a) v is a cylindrical helix.
(b) T is constant.
K

Proof.

Let 7 is a cylindrical helix. Then there
exists a unit vector v and an angle 6
such that

T(t) - u=cosé.

Differentiating and recalling that 7" =
kN reveals that w - N = 0. Hence
by orthonormal expansion in the fram

[T, N, B]
u = (cos0)T + (uB)B
Since |lu|| =1
u- B = +sin6.
and so

u = (cosf)T £ (sinf)B

v = (cos0)T' + (sinf)B’
= (—cos@)xN + (sinf)TN.

But, v’ = 0, and therefore,

-
— = Fcot b,
K

a constant.

Remark, the choice of sign is deter-
mined by the direction of the helix.

Conversely, suppose that  is constant.
We seek a unit vector u, and an angle
0 such that T - u = cos 6. Define 6 by

-
cotf = —,
K

Reference: Manfredo P. do Carmo. Differential Geometry of Curves and Surfaces.
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so that
kcost — Tsinf = 0.
Let
u = (cos )T + (sinf)B.
Then ||ul| = 1 and
u' = (cosO)T" + sin(0) B’
= (kcosf — Tsinf)N
= 0.

Hence v is a constant unit vector. Fi-
nally,

T-u=T-[(cos)T + (sin6)B]

= cosb.

. Example.

Show that

0= (s (2) s (2) 1)

where ¢ > 0 and ¢ = va? + b2 is a unit
speed cylindrical helix.

An easy computation reveals that
b

|7/]| = 1 and that ' - e5 = —. Now
c

b? b?

?:—a2+b2<1.

Hence,

9‘ < 1. It follows that there
c

exists an angle 6 such that cosf = -.
c

Therefore
v - es = cosf

which means that 7 is a cylindrical he-
lix.

6. Example.

For the helix in example (5), find the
Frenet apparatus [T, N, B, k, 7].

Solution.

Differentiating twice:

a
JR— / JR—
K= T = 2
T/
= — = (—COSf,—Sinf,O)-
K C C

Notice that T" is perpendicular to the z
axis and points towards it. Next,

B=TxN
(b s b s a)
=|-sin—,-cos—,— | .
c cc ¢ c

The torsion 7 can be computed from
B"= —7N. Since

B = (E cosf, b sinf,O)

c? ¢ c? 1

b
this yields 7 = —.
c



