Fundamental Theorem of Curves - Uniqueness Part
Philip Pennance' Version: 2016

Claim.

Let a and @ be unit speed curves with the same curvature and torsion. Then there exists a
rigid motion F' € E*(3) such that « = F o a.

Proof.
Case 1. a(sg) = a(sp); T(so) =T(s0); N(so) = N(so); B(sg) = B(sp).
Let

f(s) = 1IT(s) = T(s)I* + IN(s) = N(s)|I* + [ B(s) — B(s)|I*.
Then,

() (T-T)-(I"=T)+ (N —=N)-(N'=N')+(B-B)-(B'- B

T—-T) (—kN'+kN)+ (N —-N)- (kN —7B—kN+7B)+(B—-B)- (TN —7N)
=0.

—~

Hence, f is constant, in particular,
f(s) = f(s0)

=T (s0) = T(s0)I* + I N (s0) — N(s0)[I* + [ B(s0) — B(so)|I”

= 0.
Since f is a sum of squares it must be that for all s, T'(s) = T'(s). It follows that o/(s) = &'(s).
Since a(sg) = a(sg) it must be that a = a.
Case 2. a(sg) # a(sp).
Since (T, N, B) and (Ti,N , B) are orthonormal, right handed lists of vectors, there exists
M € O*(3) such that T'(sg) = MT(sg), N(so) = MN(sg), and B(sg) = M B(sp). Let

a= M(a(s) — a(sy)) + a(so).

Notice, a(so) = a(se) and T(so) = & (so) = Ma/(sy) = MT(sy) = T(so). Remembering
that the dot product and norm are invariant under rotation s(s) = [|&"(s)|| = ||[Ma”(s)|| =

|T"(s)|| = k(s) = k(s). Also

and _, -
7(s) = =B (s)- N(s) = =B'(s) - N(s) = 7(s) = 7(s).

By case 1, @ = @ = F o where F € E*(3) is given by

F(X) = M(X — a(so)) + a(so)-
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