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1. Introduction.

Recall that if @ > 0 is a constant and
q a real valued function continuous on
the interval [0, 00), then the first order
linear differential equation

' = —ax+ q(t) (1)

has steady state solution given by the
convolution integral

t
xp(t):/ e~ Mg(r) dr.
0

In what follows, it is shown that this
situation is far from accidental. Indeed,
the steady state response of many me-
chanical, electrical and optical systems
can be characterized by such a convolu-
tion.

. Remark.

Many physical systems can be charac-
terized by the specification of their re-
sponse to some stimulus f(t). In this
setting, it will be helpful to think of the
inverse Fourier transform

TGENI0
:/f(u)e%i”tdt

as a linear superposition of sinusuidal
signals of frequency ~ with amplitude
specified by f(v). In the field of what
is commonly known as Systems Theory,
two problems arise naturally.

(a) Modeling Problem.
Given a function f is in some
space, say L*(R), find a an opera-
tor L in this space so that L[f(¢)]
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is the response of the system at
time ¢.

(b) Realizability Problem.

Given an operator L, does there
exist a physical system which pos-
sesses the characteristics of the
given operator?

Both the modeling and realizability
problems are made tractable by the im-
position of constraints. The assump-
tion of linearity is commonly made for
physical systems subject to small per-
turbations when higher order terms can
be ignored.

. Definition.

A system is linear if

LIf(#) +9(8)] = LIf ()] + Llg(t)]
Llef(t)] = cL[f(2)]

for any inputs f, g and any constant c.

. Definition.

A system (described by an operator L)
is called time invariant provided

Lifl =g = LIfz(t)] = g-(t)

for all 7. In this equation f,. represtents
the translation of the function f. Le.,

fr(t) = f{t = 7).

. Definition.

The impulse response of a linear system
is its response h(t) to an impulse §(%).
Le., h(t) = L[6(t)]
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6. Claim.

If a system is linear and time invariant
with impulse response h , then

L{f]=hxf
_ /R ht—s)f(s)ds  (2)

Proof.

f(t)—/ 5(s)f(t — 5) ds

/5 (t—s)
Hence

o) =1 | [ ot 956s) s
—/RL[é(t—s)]f(s) ds

- /Rh(t — §)f(s)ds

Since Fourier fas y(l).as Laplace and Z-
transforms ) map convolutions to prod-
ucts, the following diagram suggests a
general solution technique using such
transforms. (Details will be given in the
course).

h

x(t) = hxq(t)

—— & =—ax +q(t)

~

h
q(v) (v) = h(v)q(v)

S = —ad+4(v)

7. Remark.

The impulse response h can be found
by subjecting a system to a suitable
input, say, the delta function §(¢) or
a Heaviside function. The following
claim shows that the impulse response
can be determined from the response to
monochromatic input.

8.

10.

11.

Claim.

The impulse response at a particular
frequency represents the amplification
and phase shift at that frequency.

Proof.

L [e2™] = hx ei2™!
= /00 h(r)e2™ =) 7
_ it /oo h(r)e T d T
= eiQﬂutﬁ(_Vo;.

Remark.

It is seen from the preceeding result
that the exponential functions behave
like eigenfunctions of a linear, time-
invariant operator.

Definition.

If A is the impulse response of a time
invariant linear system, then

(a) h(v)
(b) |h(v)]
() —arg|h(v)|
(d) —logh(v)

are called respectively the transfer
function, gain, phase lag and attenua-
tion of the system.

Remark.

The term filter is often used in a loose
fashion to refer to linear systems with
gain |h(v)| negligible (in some sense) in
some part or parts of the frequency axis.

Definition.

A filter L is called distortionless if there
exist constants ¢, ty such that

LIf()] = cf(t —to),t €R



12.

13.

14.

If L is a distortionless filter then the
gain is a constant function, and the
phase lag a linear function of ~.

fAL(V) _ efQﬂinL[e%riut]
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Definition.
A time invariant linear system system
is called causal or non anticipative if

f(r)=0, 7<t = L[f(1)]=0,

Corollary.

Since a causal system cannot respond
to the future of the signal, the impulse
response must satisfy

Moreover, since h(t — 7) = 0 for 7 > t,
the upper limit of integration oo in (2)
can be repaced by t. l.e., the response
of a causal system to an input ¢(t) is
the convolution integral

o,

h(t — 1)q(7)dr

15.

16.

T <.

17.

In conclusion, the form of the steady
state solution to the linear differential
equation (1) can be viewed as the re-
sponse function of a causal time invari-
ant linear system. This fact generalizes
to the steady state solutions of constant
coefficient linear ODE’s of higher order.
Indeed, much more can be proven.

Theorem [Paley-Wiener]

Necessary Condition for Causality. If
h € L*(R) is the impulse response of a
causal system, then

(a) h(t) =0 for ¢t < 0.
(b) h(v) is a Hardy function.

(c)/_ Mdu>—oo.

1+ 02

Paley and Weiner also solved the real-
izability problem for causal filters [1].
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