Separable Ordinary Differential Equations — (Brief) Review
Philip Pennance'! — March 2015

1. Definition.

A function F : D C R? — R is called
separable if there exist functions f, g
such that

F(z,y) = f(z)g(y)
for all (z,y) € D.

. Example.
Let

F(z,y) = 2y — zy’ + 2%y — 2°y°

Then F' is separable since:

F(z,y) = (z +2°)(y — ¢°)

. Claim.

Let Q C R? be open and convex. If F,
DF, DyF D{DyF are continuous on
Q and F # 0 on €, then following are
equivalent:

(a) F' is separable.
(b) FD,DyF = DyFDyF.

Proof.

Suppose (b) holds. We can assume that
F > 0. Then

DiF  FDyD\F — D{FDyF
F F?2

The conditions of the theorem guaran-
tee that

D,

D1D2F == D2D1F.
Hence on (Q,

D F
F

D2D1 lOg F= D2

=0.
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It follows that D;log F' is independent
of y. Therefore there exists a function
g such that:

Dy log F(z,y) = g(z).
Therefore,
log F'(z,y) = /g(x)dl" + h(y).
for some function A and so
F(z,y) = efg(ft)daveh(y)7

which is separable. The converse is triv-
ial.

. Definition.

A differential equation y' = F(z,y) is
called separable if F' is a separable func-
tion.

. Trivial claim.

If g(yo) = 0 then the separable IVP:

= %; y(ro) =yo (1)

has a (not necessarily unique) solution.

. Claim.

If f and g are continuous and g(y) # 0
and f(z¢) # 0 then in a neighborhood
of (g, yo) there exists a unique solution
¢ of the IVP (1) given implicitly by

o(x) 1 B |
/yo =L e ¥

Proof.
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Let v 1
G(y) = /y 0 Mdn

and 2 1
F(y) = mdﬁ

Since g(yo) # 0, Either G’ > 0of G’ < 0
in some in a neighborhood of y,. It fol-
lows that in this neighborhood G has
an inverse G~ !. Let

p(z) =G o F(x)
Notice
¢(z) = GV(F(2)F(v)
. P
G'(G=1o F(x)
9(é(z)
f(x)

Moreover,
¢(I0) = G_l @) F(xo)
=G7(0)
= Yo
Thus ¢ is indeed a (local) solution of
the IVP (1) If « is any solution, since

g(yo) # 0 and f(zg) # 0, we have in
some neighborhood of zy that

T Oé/(f) B IL
/xo s~ L, 7@"

By the change of variables formula we
see that a satisfies

[ = [ 7

That is,
Goa=F.

Since G is locally invertible, it follows
that « = G7'oF' = ¢ in some neighbor-
hood of xy. Hence ¢ is locally unique
in the case g(yo) # 0.

. Remark.

Let H(z,y) = G(y) — F(z). The solu-
tion ¢ given by (2) is a solution of the
implicit equation H(z,y) = 0. Since
H € C! and %—Z # 0 in a neighborhood
of (xo,%), the implicit function theo-
rem also guarantees local uniqueness of
the solution.

. Special cases of (2).

(a) Autonomous ODE’s.

If ' =wv(x); x(ty) = xo, then (2)
reduces to

ZON i
/xo @f—t—to (3)

(b) Trivial linear ODE’s.

If ' =q(t); x(to) = xo, then (2)
can be solved for ¢ and

o(t) =z + /t q(T)dr.

to



Math 4009 - Homework: Separable Equations
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1. A function F : D C R? — R is called separable on D if there exist functions f, ¢ such
that F(z,y) = f(x)g(y) for all (z,y) € D.

(a) Let h(z,y) = vy — zy® + 2%y — 2*y>. Show that h separable on R2.

(b) Let F': D C R? — R be separable. Suppose that the partial derivatives D;F,
Dy F Dy D5 F exist on D. Show that F'DyDyF = Dy F D,yF.

N

(a) Define separable differential equation.
(b) Solve the initial value problem ¢’ = —z/y, y(1) = —/3.
(c) Sketch all solutions of the differential equation 3y’ = —x/y.

3. Find solutions in implicit form of the following differential equations:

() y = 2T L (b) 2y = (1 -y
coslny 9 _ ot
c) y =
() ¥'=71
— ,  3a? : :
4. Solve the initial value problem 3 = 321 y(1) =0 and determine the maximal
y —

interval in which the solution is valid.

5. A stone of mass m is dropped from a bridge and falls for a time 7. If the motion obeys
the equation mi = gm — ci?, determine the height of the bridge in terms of the ¢, m, g
and T'
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