Linear Systems and Fundamental Matrices
Philip Pennance' — May 2024.

1. Claim.

Let
A:a,b] — R™"

be continuous. Let ® be a solution ma-
trix (& € SM) of the ODE

X' = AX. (1)
The following are equivalent.

(a) ® is a fundamental matrix.
(b) det ®(t) # 0 for all ¢ € [a, b].

Proof.

Suppose that ¢ is a fundamental ma-
trix. If ¢ is a solution of (1), there ex-
ists a unique ¢ € R"™ such that

Hence,
@Z)(to) = Cb(to)c

is a linear system in R"™ with a unique
solution. This means that

By the Abel-Jacobi-Liouville identity
det ®(¢) is non vanishing.

Conversely, suppose that det ® is non
vanishing in [a,b]. Since & € SM, to
show that ® € FM, it suffices to show
its the columns are linearly indepen-
dent.
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Since det ®(tp) # 0 it must be that c is
the zero vector.

. Corollary.

For any invertible matrix B € R™*"

e FM = ®B € FM.

Proof.

(PB) = ¥'B
= (AD)B
— A(®B).

Hence ®B € SM . Moreover,
det(®B) = det P det B

is non vanishing. By the preceeding re-
sult, it follows that

®B € FM.

. Corollary.

Let U, ® € FM. Then there exists an
invertible matrix C' such that

o =vC.

Proof.

Each ® is a solution of the homoge-
neous equation X’ = AX. . Since the
columns of ¥ form a basis for the solu-
tion space, there exist a vector C* such
that
o' = U,

If C is the matrix with columns
CY,C?,...,C" then

¢ =vC.

Since &, ¥ € FM they have non vanish-
ing determinants and so det C' # 0.
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4. Let A € R™", The matrix €' is defined

by

-
# A

tA

‘ _z:ﬂ'

. Claim.

®(t) = e is the unique fundamental
matrix such that

o(0) = 1I.

Proof.

tz 1Az 1
tA
=A
; i—1)!

tA
:AZEH
= Aet_A.

and so e € SM. Moreover, ®(0) =
I Tt follows using the Abel-Jacobi-
Liouville identity that det ® is never
zero. Hence ® € FM.

. Claim .

Let ¥ be any fundamental matrix, then

e = w(t)w(0).

Proof.

Since et € FM, by corollary (3), there
exists C' € R™ " invertible such that

= w(C.
Putting t = 0 yields
C =910)
and so

e = w(t)w(0).

7. Claim.

Suppose that A € R™™ has n indepen-
dent eigenvectors V1, V2 ... V" with
eigenvalues Ai.)\o,...,\, respectively.
Let ¥ be the matrix with columns given
by

Ut = ity
Then W € FM .
Proof.
Since
d )
_\I]z — >\z ity /i
g (t) = \e'V
=M AV
= AU'(t).

and so U € SM . Since the V* are inde-
pendent, ¥ € FM..

. Example.

Let
0 1
A= [1 0] |
A has eigenvalues \; = 1, Ay = —1 with
corresponding eigenvectors

-] -]

By claim (7),



9.

10.

Claim.

Suppose that A € R™"™ has n in-
dependent eigenvectors V1, V2 ... V"
with eigenvalues Ai.)\g, ..., A\, respec-
tively. Then

VAV = A

where V is the matriz with columns
VI V2, ...,V" and A is the diagonal

matrix

A1

Proof.

(VTIAV) (3, 5) = V7 H(AVY
= V7 (AVY)
=NV
=N (VTIV)(i,5)
= A;0(i, j)

Corollary

Suppose that A € R™"™ has n in-
dependent eigenvectors V1, V2 ... V"

with eigenvalues Aj.)\g, ..., A\, respec-
tively. Then
oA — Y ethy 1
it
=V v
At

etA — ,—AZ
— 7!
- tl —1\¢
=) S(VAVTY
i=0
= 3 iy —1
=Y S (VAV
i=0
=V ( ,—A%’) y!
— 7!
= Vet
e)qt
=V vt
ent
11. Example.
0 1
A= [1 0].

A has eigenvalues A\ = 1, Ay = —1 with

corresponding eigenvectors
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Remark.



12.

Let n € R™. Since €'/ is a fundamental
matrix, the initial value problem

{X’ — AX,
X(0)=mn.
has unique solution
X(t) = e,

Claim.
Let

A:fa,b] —» R™"
and

g:la,b] > R"
be continuous. If ® is a fundamental

matrix of the homogeneous equation,
then the IVP

{X’ — A(t)X +g(t) )
Xt()) = ORn.

has particular solution

Proof.

As in the method of variation of param-
eters we seek a function v(t) such that

p = P(t)o(t)
is a particular solution.

Substitution this into the differential
equation and noting that

O = AD,
yields
o' =g.
Hence,
v(t) = /(D_l(t)g(t) dt + C.
Noting that ¢p(to) = 0, it follows, that
pp(t) = (t)o(t)

13.

14.

Corollary.

Let n € R". To find a particular solu-
tion ¢, such that ¢,(ty) = 7, let ¢ be
the unique vector such that

@(to)c =n.
Since
D(t)e = () (to)n

is a solution of the homogeneous equa-
tion, it follows that

op(t) = ®(t)D~ (to)n

+<I>(t)/ O 1(s)g(s)ds

to

is the unique solution, satisfying the ini-
tial condition X(ty) = .

v0o0) | 1] +o0) [ “1(s) v

— COS S

Example.

Solve the initial value problem

Pl =2 2]+ [,

z1(0) =1, x2(0) = —1,
given that
€2t t62t
o0 = |y ']

is a fundamental matrix.

Solution.

B B €2t _t€2t
R



The unique solution of the IVP can now

be easily computed from



