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1. Objective.

We seek a particular solution of the sec-
ond order differential equation

x′′ + p(t)x′ + q(t)x = F (t) (1)

where p, q and F are continuous.

2. Claim. (Variation of parameters).

If ⟨ϕ1, ϕ2⟩ is a basis for the solution
space of the second order homogeneous
differential equation

x′′ + p(t)x′ + q(t)x = 0, (2)

then there exist particular solution of
(1) of the form

xp(t) = u1(t)ϕ1(t) + u2(t)ϕ2(t). (3)

Proof.

(3) can be written as a scalar product

xp = u · ϕ. (4)

Substituting xp in (1) and imposing the
additional restriction

u′ · ϕ = 0 (5)

yields:

u′ · ϕ′ + u · ϕ′′ + pu · ϕ′ + qu · ϕ = F.

Since ϕ1, ϕ2 are solutions of the homo-
geneous equation

u · ϕ′′ + pu · ϕ′ + qu = 0.

it follows that:

u′ · ϕ′ = F. (6)

Equations (5) and (6) are equivalent to
the system:

u′
1ϕ1 + u′

2ϕ2 = 0
u′
1ϕ

′
1 + u′

2ϕ
′
2 = F.

By Cramer’s rule,,

u′
1 =

∣∣∣∣0 ϕ2

F ϕ′
2

∣∣∣∣
W

; u′
2 =

∣∣∣∣ϕ1 0
ϕ′
1 F

∣∣∣∣
W

(7)

where

W (t) =

∣∣∣∣ϕ1(t) ϕ2(t)
ϕ′
1(t) ϕ′

2(t)

∣∣∣∣
is the Wronkian. Since ϕ1 and ϕ2 are
independent solutions of the differential
equation, W is nowhere zero. Integrat-
ing (7) and substituting in (3) gives:

xp(t) =

∫ t ϕ2(t)ϕ1(s)− ϕ1(t)ϕ2(s)

W (s)
F (s)ds

=

∫ t 1

W (s)

∣∣∣∣ϕ1(s) ϕ2(s)
ϕ1(t) ϕ2(t)

∣∣∣∣F (s)ds.

It is left as an exercise to verify that
the lower limit of integration produces
a term in the kernel and so any conve-
nient value int the interval will do for
the lower limit of integration.

3. Example.

x′′ − 5x′ + 6x = 2et.

Solution.

The associated quadratic:

λ2 − 5λ+ 6 = 0.

1https://pennance.us

1

https://pennance.us


has roots λ = 2, 3 and so a basis ⟨x1, x2⟩
for the kernel is given by

x1(t) = e2t

x2(t) = e3t

The Wronskian

W (s) =

∣∣∣∣ e2s e3s

2e2s 3e3s

∣∣∣∣
= e5s.

Also∣∣∣∣x1(s) x2(s)
x1(t) x2(t)

∣∣∣∣ = ∣∣∣∣e2s e3s

e2t e3t

∣∣∣∣
= e2se3t − e2te3s.

Hence a particular solution is

xp(t) =

∫ t

0

1

W (s)

∣∣∣∣x1(s) x2(s)
x1(t) x2(t)

∣∣∣∣ 2esds
=

∫ t

0

[
e3t−2s − e2t−2s

]
2esds

= et.

4. Example.

Destructive resonance of an undamped
oscillator

x′′ + ω2
0x = F cosω0t.

A basis for the solution of the homoge-
neous equation is given by

x1(t) = cosωt

x2(t) = sinωt.

The Wronskian:

W (s) =

∣∣∣∣ cosω0s ω0 sinω0s
− sinω0s ω0 cosω0s

∣∣∣∣
= ω0.

Hence a particular solution is

xp(t) =

∫ t

0

1

W (s)

∣∣∣∣x1(s) x2(s)
x1(t) x2(t)

∣∣∣∣F cosω0t ds

=
Ft

2ω0

sinω0t+
F

4ω2
0

cosω0t.

Since the second term is in the kernel,
it can be discarded, yielding the partic-
ular solution

xp =
Ft

2ω0

sinω0t.

5. Example. (Oscillator with small damp-
ing and arbitrary forcing term.)

x′′ + 2γx′ + ω2
0x = f(t).

If 0 < γ < ω a basis for the solution of
the homogeneous equation is given by

ϕ1(t) = e−γt coswnt

ϕ2(t) = e−γt sinwnt

where wn =
√
w2

0 − γ2. The Wronskian
of ϕ1 and ϕ2 is

W (s) = wne
−2γs

and∣∣∣∣ϕ1(s) ϕ2(s)
ϕ1(t) ϕ2(t)

∣∣∣∣ = e−γse−γt

∣∣∣∣coswns sinwns
coswnt sinwnt

∣∣∣∣
= e−γse−γt sinwn(t− s)

In this case, the variation of parameters
formula yields the particular solution

xp =

∫ t 1

W (s)

∣∣∣∣ϕ1(s) ϕ2(s)
ϕ1(t) ϕ2(t)

∣∣∣∣ f(s)ds
=

∫ t

0

1

β
e−γ(t−s) sinwn(t− s)f(s)ds.

Remark. The above integral is a convo-
lution

xp = h ∗ f.
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where

h(t) =

{
1
wn

e−γt sinwnt if t ≥ 0,

0 if t < 0.

It follows that the transient solution
xp(t) is the response at time t of a time

invariant linear system with input sig-
nal f . The fact that h(t) = 0 for t < 0
is a causality condition. It guarantees
that the system cannot respond to the
future of the signal.
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