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1. Many damped oscillatory systems are

described by differential equations of
the form

z" + 2va' + wolz = f(t) (1)

where v > 0 is a damping parameter,
wo > 0 is called the undamped frequency
and f(t) is an externally applied force.

The parameter ( = 7 is called the
Wo
damping ratio.

. Reminder.

The general solution of (1) has the form

¢(t) = wn(t) + (1)

where x is the general solution of the
homogeneous equation and z), is a par-
ticular solution of (1).

. Homogeneous Equation.

A basis for the solution space of the ho-
mogeneous equation

2" + 2vz' + wor =0 (2)

is determined by the roots of auxiliary
quadratic equation:

2% + 2v7 + wp® = 0 (3)

There are three cases:

(a) Overdamping.
If ¢ > 1 then (3) has 2 real roots
a1, g which satisfy

109 = CL)OQ

o+ g = —2y
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Since 7 is positve, ag, as must be
negative. Hence the general solu-
tion

T, (t) = c1e™" + cpe®?!

decays exponentially with time.
Critical Damping.

If ¢ = 1 then (3) has equal roots
a; = ay = —v yielding a general
solution

T, (t) = (c1 + cat)e .

Small Damping.

If ¢ < 1 then (3) has complex roots
—v + iw,, where

— /2
wn, = \/wg — Y2

In this case the general solution is
2,(t) = e () cos wpt+cy sinwyt).

The quantity w,, called the natural
frequency, decreases as the damp-
ing increases. It is left as an exer-
cise to show that there exist con-
stants C', § such that

2, (t) = Ce " (cos(wpt — 9).

Overdamping
—— Critical damping
— Small damping

N


https://pennance.us

In all cases, the general solution of the
homogeneous equation (2) is transient,
decaying exponentially with time. Thus
at large times the particular solution
dominates.

. Particular Solution.

For an external force of the form
f(t) = F coswt,

a particular solution of (1) can be ob-
tained by noting that if

2p(t) = xp(t) +iy,(t)
is a solution of
2"+ 2y + wolz = Fe™'  (4)

then the real part x,(t) will be a solu-
tion of

2" + 2y’ + wolr = Feoswt  (5)

. Claim.
Equation (4) has a particular solution
of the form

2 (t) = Ae™".

Proof.
Substitution of z, in (4) yields

F
(wo? — w?) — 2ywi
(wo? — w? + 2qwi)F

(w02 — w?2)? + 49202

A:

In polar form of A = |Ale* where

2yw

— (6)

tan ¢ = 3
Wo® —w

and

F

V(o = w2)?) + 472

Al =

The solution for input F coswt is

T, = Re z,
= Re Ae™?
= Re|A|e™'t?
= |A] cos(wt + ¢).

To see how the amplitude varies with
the applied frequency notice that the
expression under the square root in
equation (7) is

— [l — 297 +

o 4,}/4 4 2")/2602

where

is called the resonance frequency.

6. Corollary.

(a) If0 < ¢ < 1/v/2, then wg—2+> > 0
and the amplitude has a maximum
when w = w,, the resonant fre-
quency.

(b) If1/v/2 < (¢ <1, thenwi—272 <0
and the amplitude of the cosine is
a decreasing function of w with a
maximum amplitude for a static
applied force (w = 0).
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Amplitude of steady state solution as a
function of w for different values of (.

. Remark.

The undamped frequency wy, the natu-
ral frequency w, and the resonance fre-
quency w, are connected by the equa-
tion

2 _ wy + w;
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. The Case of Zero Damping.
If v = 0 the homogeneous equation
2" +wy’r =0 (8)
has general solution
z(t) = ¢1 coswyt + o sinwpt.

If w # wpy the non homogeneous equa-
tion

2" + wo’r = Fcoswt (9)
Putting v = 0 in (6) and (7) yields a
particular solution

z,(t) = Acoswt
where

F

A= —
w§ — w?|

(10)
and so the general solution of (9) is

x(t) = ¢1 coswyt + o sinwpt + A cos wt.

If 2(0) = 2/(0) = 0, then ¢; = —A and
co = 0, and so

z(t) = A(coswt — coswpt) .

Using standard trigomometrical identi-
ties, this can be written

w . Wy — w
t) sm( t) .
2

If wy — w is significantly smaller than
wp + w, the solution will be a sinusoidal
oscillation of angular frequency %
with amplitude modulated by the lower
angular frequency “¢=*, a phenomena
called beats. The diagram below shows

the case with wg = 12 and w = 10.

x(t) = 2Asin (wo il

1« o -
’ x(t) = sin(11¢) sin(t)

0577 // N N
. \ / \

1
X X
. T \ 4 \ /
’
N

Beats: wy =12, w = 10

9. Destructive Resonance.

Notice |z(t)] — oo as w — wp a phe-
nomena called destructive resonance. If
w = wy, the function t — coswyt lies in
the kernel of the operator D? + w?2 and
so no multiple of this can be particular
solution. However, there does exist a
particular solution of the form

xp(t) = t(Acoswot + Bsinwyt).
Substitution in (9) yields A = 0 and

B = ——. Hence, in the case of destruc-
Wo
tive resonance, the general solution of

(9) is
tF sinwgt

x(t) = ¢1 cos wot+cy sin wot+
2&.)0
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