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1. Let L : C[R]2 → C[R]0 be given by:

Lφ = φ′′ + bφ′ + cφ (1)

and α1, α2 be the roots of the associated
quadratic

x2 + bx+ c = 0 (2)

(a) If α1, α2 are real and distinct then
〈eα1t, eα2t〉 is a basis for kerL.

(b) If α1 = α2 = α where α is real,
then 〈eαt, teαt〉 is a basis for kerL.

(c) If the quadratic has a conjugate
pair of roots

α1 = α + iβ

α2 = α− iβ

then 〈eαt cos βt, eαt sin βt〉 is a ba-
sis for kerL.

Proof.

Since dim kerL = 2, it suffices to show,
in each case, that the given functions
are independent solutions of the homo-
geneous equation

x′′ + bx′ + cx = 0 (3)

It is left to the exercises to verify that,
in all cases, the Wronskian not does not
vanish identically, (i.e., is not the zero
function), thus proving linear indepen-
dence. It only remains to verify that
the functions are actually solutions!
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(recall that in equation (2), −b is equal
to the sum of the roots. In this case
−b = 2α)

In case (c) it is left as an exercise to
verify:(
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The proof for the second function is
similar.

2. Corollary.

(a) If α1, α2 are real and distinct then
(3) has solution

x(t) = Aeαt +Beα2t

(b) If α1 = α2 = α where α is real,
then equation (3) has general so-
lution

x(t) = eαt (A+Bt)

(c) If the quadratic has a conjugate
pair of roots

α1 = α + iβ

α2 = α− iβ

then equation (3) has general so-
lution

eαt (A cos βt+B sin βt)
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Second Order Linear Differential Equations: Exercicses

1. Let k, m, γ be positive constants. Use
the above results to find the general so-
lution of:

(a) Free particle motion: mx′′ = 0.

(b) Spring equation: mx′′ + kx = 0

(c) Motion with retardation:

mx′′ + 2γx′ = 0

2. Show, using the definition of indepen-
dence, that eαt and teαt are linearly in-
dependent functions on IR.

3. Show that the Wronskian of the pair
〈eαt cos βt, eαt sin βt〉 is βeαt

4. Let x(t) be the position of a ship at time
t and x∗ the position of a stationary ice-
berg. Suppose that after switching off
the engines at time t0, the motion of the
ship is governed by the equation

mx′′ + 2γx′ = 0

where m, γ > 0. If

x(t0) = x0 < x∗ (4)

x′(t0) = v0 > 0 (5)

Show that the ship will never reach the
iceberg providing

γ >
m

2(x∗ − x0)


