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1. Recall that if 0 < γ < ω, then the
forced damped oscillator:

x′′ + 2γx′ + ω2
0x = F (t)

has steady state solution given by the
convolution:

x(t) =

∫ t

0

1

β
e−γ(t−s) sin β(s− t)F (s)ds

β =
√
w2

0 − γ2.

2. This situation is far accidental. Indeed,
the response of many mechanical, elec-
trical and optical systems can be char-
acterized by such a convolution. In this
setting the inverse Fourier transform

f̂∨(t) = f(t)

=

∫
f̂(γ)e2πiγtdt

may be thought of as a linear superpo-
sition of sinusuidal signals of frequency
γ with amplitude specified by f̂(γ).

3. Modeling Problem.

Given a response function f is in some
space, say L2(IR), find a an operator L
in this space so that L[f(t)] is the re-
sponse of the system at time t.

4. Realizability Problem.

Given an operator L, does there exist
a physical system which possesses the
characteristics of the given operator?

5. Both problems are made more tractable
by the imposition of constraints.

6. Definition. A system is linear if

L[f(t) + g(t)] = L[f(t)] + L[g(t)]

L[cf(t)] = cL[f(t)]

for any inputs f , g and any constant c.

7. Remark. The assumption of linearity
is commonly made for physical systems
subject to small perturbations when
higher order terms can be ignored.

8. Definition.

A system (described by an operator L)
is called time invariant provided

L[f(t)] = g(t) =⇒ L[f(τ)] = g(τ)

for all τ .

9. The impulse response of a linear system
is its response h(t) to an impulse δ(t).
More precisely,

h(t) = lim
n→∞

L[Pn(t)]

where (Pn) is a δ-convergent sequence.

10. The notion of time invariant linear sys-
tem can be reformulated in terms of
convolution by noting that for such a
system,

L[f(t)] = L

[
lim
n→∞

∫ ∞
−∞

Pn(t− τ)f(τ)dτ

]
= lim

n→∞

∫ ∞
−∞

f(τ)L[Pn(t− τ)]dτ

=

∫ ∞
−∞

f(τ)h(t− τ)dτ

= f ∗ h(t)

11. Discussion of the validity of the above
reasoning can be avoided by simply
defining a system to be time invariant,
linear if the response function has a con-
volution representation

L[f(t)] = f ∗ h(t)

for h in some some suitable space.
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12. The impulse response h can be found
[1] by subjecting a system to a sharp in-
put resembling the idealized unit weight
pulse δ(t). Alternatively, the response
of the system to a sinusuidal input e2πiγt

can be measured. The impulse response
at a particular frequency represents the
amplification and phase shift at that
frequency.

L
[
e2πiγt

]
=

∫ ∞
−∞

h(t− τ)e2πiγtdτ

= h(γ)e2πiγt

13. Definition If h is the impulse response
of a time invariant linear system, then

(a) ĥ(γ)

(b) |ĥ(γ)|
(c) − arg |ĥ(γ)|
(d) − log ĥ(γ)

are called respectively the transfer
function, gain, phase lag and attenua-
tion of the system.

14. Remark. The term filter is often used
in a loose fashion to refer to linear
systems with gain |ĥ(γ)| negligible (in
some sense) in some part or parts of the
frequency axis.

15. A filter L is called distortionless if there
exist constants c, t0 such that

L[f(t)] = cf(t− t0), t ∈ IR

16. If L is a distortionless filter then the
gain is a constant function, and the
phase lag a linear function of γ.

ĥ(γ) = e−2πiγtL[e2πiγt]

= ce−2πiγt0

17. Definition.

A time invariant linear system system
is called causal or non anticipative if

L[f(t)] = 0

on (−∞, t)] whenever f(t) = 0 on
(−∞, t).

18. Causal systems are are passive in the
sense that they do not output if noth-
ing is input. They do not respond to
the future. If h is the impulse response
of a causal system, then h(t) = 0 for
t < 0 (otherwise the system would re-
spond to the future of the signal). Much
more can be proven.

19. Theorem [PaleyWiener]

Necessary Condition for Causality. If
h ∈ L2(IR) is the impulse response of a
causal system, then

(a) h(t) = 0 for t < 0.

(b) ĥ(γ) is a Hardy function.

(c)
∫
−∞

log |ĥ(γ)|
1 + γ2

dγ > −∞.

20. Paley and Weiner also solved the real-
izability problem for causal filters [1].

References

[1] Wiener’s contributions to general-
ized harmonic analysis, prediction the-
ory and filter theory P. Masani, Jour-
nal: Bull. Amer. Math. Soc. 72
(1966), 73-125.


