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1. Find a differential equation whose solution set is the one-parameter family ¢.(z) = ctan x.

Solution. We seek f such that ¢ = f(z,y) has solutions y = ctanx. Eliminating the
parameter c,
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2. Find a family of curves orthogonal to ¢.(x) = ctanx. Sketch some members of each
family.

Solution. From Problem 1 the original family satisfies y' = 2y/sin2x. Orthogonal
trajectories therefore satisfy
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where K = (C' + % Hence the orthogonal family is

b (r) = £V K —sin’z,
defined for those z with sin?z < K.

e 0 < K < 1: real only on closed subintervals where |sinz| < v/ K (a chain of oval arcs).
e K =1: y=+cosz (up to consistent choice of sign on each interval).

e K > 1: defined for all z, a pair of 27-periodic waves.

The figure shows members of y = ctanz (blue) and of y? + sin?z = K (red). Crossing
curves meet at right angles.

—y=ctanz —1? +sin’z = K

. For a reaction A —— mM +nN, let [A]; be the concentration of reactant A at time ¢, and
let [A]o be the concentration at time t,. If [A]; satisfies the second-order rate equation

d 2
Sl = (AL,

show that
[Alo
1+ [A)ok(t —to)’

Show that any other solution starting at ty is a restriction of this one.

[A]t - t Z to.



Solution. If [A]; # 0,
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The initial-value problem has a unique solution through each (o, [A]y). The formula above
is that unique solution (and reduces to the zero solution if [A]y = 0). Any other solution
defined on a subinterval of the maximal interval is therefore a restriction of it.

4. Find infinitely many solutions of the initial-value problem

Sketch the slope field and graph some of these solutions.

Solution. = =0 is an equilibrium: ¢(¢) = 0 for all ¢ € R is a solution.

For z > 0, separation of variables gives

o(t) = (t—to+ v/Z0) "

Piecing the equilibrium together with a rightward parabola produces, for each C' > 0,

0 t<C,
dolt) = {(t —C)? t>C.

Each ¢¢ is O, satisfies 2/ = 24/ everywhere, and obeys ¢¢(0) = 0. This is an infinite
(one-parameter) family of solutions of the IVP.

The figure shows the direction field of 2’ = 2/z together with ¢ = 0 and the envelope
solutions ¢¢ for C' = 0,0.5,1,1.5,2. Every pictured integral curve passes through the
origin at time ¢ = 0.
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5. A point mass m moving along a line is subject to a force F' depending only on position.
If x(t) is the position at time ¢, Newton’s law reads

ma” = F(x). (1)

/

(a) Suppose F' has an antiderivative —gb (i.e. ¢’ = —F). Show that if x solves (1), then

E=20(1)" + o(2(1))

9\
1s constant.

(b) Show that (1) with z(¢y) = zo has local solutions given implicitly by

\F/ \/7 /OdT @)

Solution. Let x: I — R be a solution on an interval I. Then
mz”(t) = F(z(t)) = —¢'(z(t))
= ma'(t)2"(t) + ¢ (z(t))2(t) =0
d[m 2
— &G(y(t)) +<b(x(t))> 0.
A function whose derivative vanishes on an interval is constant, so E is constant on 1.

Solving £ = Z(z')? + ¢(x) for the velocity yields the two autonomous equations

xf:i\/%m,

Separation of variables gives (2).

6. A function F: D C R?* — R is separable on D if F(x,y) = f(x)g(y) for all (z,y) € D.
Assume F' is separable and that the partial derivatives D1 F, Dy F, and D D> F exist on
D. Show that

F D1DsF = (D1F)(DyF).



Solution. Write F(z,y) = f(x)g(y). Then

Dy F(x,y) = f'(x)g(y)
DyF(x,y) = f(z)d' (y)

and therefore

F DDy F = f(x)g(y) f'(2)g'(y),
(D1F)(DoF) = f'(z)g(y) f(x)d ().

The two sides agree on D.

. Solve .
y/ ! y(l‘o) = \/g

Yy
Sketch some maximal solutions in the case zy < 0.

Solution. If ¢ is a solution with ¢ # 0,

Xz

¢'(x) = )

— / H(6)(6) dé = — / £de
o(x) x

du=— [ €d

= o) uwdu /xoﬁ 19

= ¢(x)* — ¢p(20)* = 23 — 2°

= ¢(x) = j:\/gb(xo)Q + a3 — 22

The initial condition ¢(x) = v/3 > 0 selects the positive branch:

o) = \/3+ x5 — 2%

This is the upper semicircle of radius r = /3 + 22 centred at the origin. The maximal
interval is (—r,7): the endpoints (£r,0) do not lie in the domain of f(z,y) = —z/y.

The figure shows the direction field and four maximal solutions for xy = —0.5, -1, =2, =3,
each an upper semicircle through the point (zg,v/3). Solutions stop at the z-axis.
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8. The position z(t) of a falling body of mass m satisfies

4 -3 -2 1

mi = mg — vi?,
z(to) = o, (3)
x(to) =0,

where ¢ is the gravitational constant and v > 0 is a drag coefficient. Find scalings of
space and time that reduce the equation to the dimensionless form

Hence, or otherwise, show that

2R

)

Solution. Let t.,z. > 0 and set x(7) = z(t.7)/x.. Then

x(t) = xo + i log [COSh(
g

t
! — _C / tc
X(r) = = (tr),
t2 t2 Y 2
X' (1) = v 2 (t.T) = - (g - [x/(tcT)}
tzg Ve, 2
ey
The choices
m m
Le = —, tc - -
Y a7

yield Y = 1—(x’)?, with initial conditions x(7) = zo/z. and X'(7) = 0, where 19 = to/t..



Separation of variables for X’ gives x/(7) = tanh(7 — 7p). Integrating over [y, 7] produces

X(7) = x(70) + log(cosh(T - 7'0)).

cosh(t — to)] ,
te
which is the stated formula.

The equation is readily inverted to give time of flight as a function of position. The
figure shows dimensionless velocity x'(7) = tanh(7 — 79) for 70 = 0 and 79 = 1. Solutions
approach the terminal speed /mg/~.

Restoring x and ¢,
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9. Let a be a constant and let ¢ be continuous on an interval I. Verify that

B(t) = zoe™ + e /]t e "q(s)ds (4)
solves
¥ =azx+q(t),
5
{IL’(tO) = Xg-. ( )

Show that any other solution ¢: J — R of (5), defined on an interval J C I containing

to, is a restriction of (4).

Solution. Differentiating (4) by the product rule and the fundamental theorem of cal-

culus gives

P'(t) = ag(t) + q(t), P(to) = xo,

so ¢ solves the IVP.
If v is any other solution, then x = 1 — ¢ satisfies

¥ = ax, x(to) = 0.



10.

The zero function is a solution. If £ is any solution on an interval J 3 tg,

d —at\ __ / —at __
E(f(t)e ) = (& —ad)e ™ =0,

so &(t)e ™ is constant on J. The condition £(tg) = 0 forces the constant to be 0, hence
¢E=0onJ. ThusyY = ¢ on J.

In the interior of a homogeneous spherical planet the gravitational force on a mass m at
distance z from the centre is F'(x) = —kma, with £ > 0. A frictionless tunnel is bored
from pole to pole and a ball of mass m is placed in the tunnel.

(a) Write an IVP for release from rest at the centre x = 0 at time ¢ = 0, and show that
the unique solution is the zero function on R.

(b) Find the position as a function of time if the ball is dropped from a pole at ¢t = 0.
Find also the velocity at the centre and the time from pole to centre.

(c) Straight tunnels are drilled from London to Moscow and from London to New York.
Capsules are released simultaneously from London in each tunnel and travel under
gravity alone. Show that they arrive at their destinations, and at the same time.

Solution. Newton’s law gives " + kx = 0.

(a) The IVP is
2+ kr =0, x(0) =0, 2'(0) = 0.

d (.1”)2 Q32
it (T TR ) =0

so (/)% + kx? is constant. The initial conditions force (2')? + kz* = 0. Since k > 0,
this implies x(t) = 2/(¢) = 0 for all ¢. The ball remains at the centre.

(b) Now z(0) = R and 2/(0) = 0, where R is the planetary radius. The solution is

Multiplying by ' yields

2(t) = Reos(Vkt).

Hence

2 (t) = —RVk sin(Vkt).

The centre z = 0 is reached at t = 7/(2vk), with velocity —Rv/k. (The same speed
follows from conservation of energy.)

(c) Let & be displacement along a chord of length L, measured from the midpoint of the
tunnel, and let & be distance from the Earth’s centre. Then & = x cosf, where 6 is
the angle between the radius to the mass and the tunnel. The component of force
along the tunnel is

Fcosf = —kmx cos = —kmé,



SO

"+ kE=0.
With £(0) = L/2 and £'(0) = 0,

() = gcos(\/%t).

The period 27/ Vk is independent of L. A mass starting at & = L/2 with zero
velocity reaches £ = —L/2 in half a period, i.e. in time 7/ V'k, the same for every
chord.



