
Math 4009 - Homework on Energy
Philip Pennance1 –Semester II de 2014-15

1. A point of mass m moving along a line experiences a force F which is a function of its
position. Let x(t) be the position of the point at time t. According to Newton’s law
(first written as a differential equation by Euler), the equation of motion is:

mẍ = F (x). (1)

(a) Show that solutions of (1) are invariant under time translations, i.e., show that
if x1(t) is a solution of (1), then so is x(t) = x1(t+ T ) for any constant T .

(b) Suppose that there exists a function of position φ such that for all x,

F (x) = −φ′(x).

Show that if x(t) is a solution of (1), then quantity

E =
m

2
ẋ(t)2 + φ(x(t)) (2)

is a constant of the motion.

Remarks:

i. A function φ satisfying φ′(x) = −F (x) is called a potential function. Potential
functions are not unique. If φ is a potential, then so is φ+ c for any constant
c.

ii. The quantity 1
2
mẋ2 is called the kinetic energy of the point mass.

iii. For any potential function φ, quantity E = 1
2
mẋ2 + φ(x) is called the total

energy. Constancy of E is often referred to as the law of conservation of
energy.

(c) Supposing the existence of a potential function φ, show that (1), subject to initial
condition x(t0) = x0, has local solutions x(t) given implicitly by the equation:

±
√
m

2

∫ x(t)

x0

1√
E − φ(x)

dx =
∫ t

t0
dt (3)

2. The displacement x(t) of a certain spring satisfies the ODE

x′′ = −x (4)

Suppose that the total energy of this spring is such that:

(x′)2 + x2 = 1 (5)

A student of physics deduces from (5) that

x′ = ±
√

1− x2 (6)
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and draws the direction field, figure (1), for the ODE

x′ =
√

1− x2 (7)

He verifies that x(t) = 1, t ∈ IR is an equilibrium solution of (7) and notices that all
maximal solutions approach 1 this as t → ∞. On the other hand, what he calls his
“physical intuition” informs him that the correct solutions of (4) should be periodic.
Indeed the Wolfram Alpha computational engine informs him that the general solution
is:

x(t) = c1 sin(t) + c2 cos(t).

(a) Find the general solution of (7).

(b) Explain to the student, why his solutions are not periodic and yet the motion of
the spring is periodic.

(c) What is the relation between the solutions of (7) and the actual motion of the
spring.

(d) Draw a direction field and some solutions of for the differential equation:

x′ = −
√

1− x2 (8)

(e) How did the ”non physical” solution x(t) = 1 arise?

Figure 1: Direction Field for x′ =
√

1− x2

3. Write an implicit equation for the solutions of y − 2y2 + 3y3 − y′′ = 0 which satisfy
y(t0) = y0. Do not evaluate the resulting integral.


