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1. Let p, q, r : [a, b] → IR be continuous.
It is a corollary to the general existence
and uniqueness theorem that the IVP:

x′′ + p(t)x′ + q(t)x = r(t)
x(t0) = c1
x′(t0) = c2

has a unique solution defined on all of
[a, b].

2. If L : C2[a, b] → C0[a, b] is the linear
map:

L(φ) = φ′′ + p(t)φ′ + q(t)φ

then dim(kerL) = 2.

Proof: By the existence and uniqueness
theorem, there exist φ, ψ ∈ ker(L) such
that

φ(t0) = 1, φ′(t0) = 0

ψ(t0) = 0, ψ′(t0) = 1

We claim {φ, ψ} is linearly independent
and spanning. If

c1φ+ c2ψ = 0

where 0 is the zero function on [a, b],
then

c1φ(t0) + c2ψ(t0) = 0
c1φ
′(t0) + c2ψ

′(t0) = 0

Using the initial conditions above this
reduces to:

c1 = 0
c2 = 0

and so (φ, ψ) is an independent list. To
show that {φ, ψ} is a spanning let

η ∈ kerL

We must show that η is a linear combi-
nation of φ and ψ. Define

ξ = η(t0)φ+ η′(t0)ψ

Since ker(L) is a subspace, by closure
we have that ξ ∈ kerL. Substituting
the initial conditions yields:

ξ(t0) = η(t0)
ξ′(t0) = η′(t0)

i.e., ξ satisfies the same initial value
problem as η. By uniqueness η = ξ
proving that η is a linear combination
of φ and ψ.

3. Example. We have seen that sin and
cos are solutions of the spring equation

x′′ + x = 0

Since {sin, cos} is linearly independent
set, every solution of the spring is a lin-
ear combination of sin and cos.

4. Remarks on the importance of bases.

(a) To solve Lx = 0 where L is linear
means to find a basis for kerL.

(b) Bases provide a finite specification
of infinite sets.

(c) Non uniqueness of bases can sim-
plify computations. For exam-
ple {cosh, sinh} and {et, e−t} are
both bases for the solution space
of x′′ − x = 0.

(d) Bases provide a unique prescrip-
tion of each vector. (i.e., there is
only one way to express a vector
as a linear combination of the ele-
ments of a specified basis).

(e) Isomorphisms are completely de-
termined by their action on a ba-
sis.
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