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Name

Instructions: Answer FIVE questions

1. The temperature θ of a cooling body at time t is determined by the linear differential
equation θ′ = −k(θ − θ̂) where k > 0 is a constitutive constant and θ̂ is the ambient
temperature -assumed constant. Find the general solution of this equation. Sketch the
direction field and typical solutions.

2. Let p, q : [t0, t1]→ IR be continuous.

(a) Show that if φ is a solution of the linear differential equation:

x′ + p(t)x = q(t), (t, x) ∈ [t0, t1]× IR

and P is any antiderivative of p then
d

dt

[
φ(t)eP (t)

]
= q(t)eP (t).

(b) Use the observation in part (a) to find the general solution of the ordinary differ-
ential equation x′ = x− t

3. (a) Let S be the set of solutions of x′ + p(t)x = q(t) where p, q are continuous on
an interval I. Let x̂ ∈ S and let K be the set of solutions of the “homogeneous
equation” x′ + p(t)x = 0. Show that S = {x̂+ φ | φ ∈ K}.

(b) Use the observation in part (a) to find the general solution of the ordinary differ-
ential equation x′ = x− 3

4. (a) Define the terms linear function and linear equation.

(b) Let f : IR → IR be a linear function. Show that there exists a constant m such
that f(x) = mx.

(c) Which of the following differential equations are linear? Justify your answer.

i. x′ = 2
√
x.

ii. x′′ = 1− ẋ2
iii. x′′ + x = 0

iv. xx′ = 0

5. (a) What exactly is a vector? (a brief answer will suffice).

(b) Define linearly independent list of vectors.

(c) Show that (1, 0), (0, 2) is a linearly independent list of vectors in IR2

(d) Show that (1, 0), (0, 2) is a spanning set in IR2

(e) Show that a sublist of a linearly independent list is also linearly independent.

(f) Show that 〈sin, cos〉 is a linearly independendent list of vectors in the space of
continuous functions C0[IR].



6. The extension x of an undamped spring subject to a periodic external force obeys the
the differential equation

x′′ + ω2
0x = F cos(ωt) (1)

where F and ω0 are constant. Assume that ω 6= ω0.

(a) Find the general solution (kernel) of the homogeneous equation x′′ + ω2
0x = 0

(b) Find a particular solution x̂ off (1).

(c) Find the general solution of (1).

(d) Find the solution which satisfies the initial conditions x(0) = x′(0) = 0.

(e) Describe the solution when |ω0 − ω| is small compared with ω0 + ω.
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