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. Show by induction that %x” = nx

MATH 3225 Homework on Induction
Prof. Philip Pennance! — Version: January 16, 2017

Prove for all n € N:

n

(a) > (2i—1)" =n

i=1

@) s ot b= 1— o
2 22 23 2" AL

Let x € R,z # 1. Show that for all
neN

n
l—x n—1

=l4+z+a2>+ - +z

1—=x

Prove:
(a) 2n < 2" for all n € N

(b) 3" > 2n + 1 for all n € N with
n>1

Prove that the following expressions are
divisible by 3 for any natural number
n > 1.

(a) n®+2n

(b) 22" —1
If n € N show that 6 is a factor of
2" 4 3™ — 5
n—1
for n € N.

Explain carefully what is wrong with
the following induction argument. In
any set of n horses all horses have the
same color. Proof: The statement is
clearly true if n = 1. Suppose it is true
for k. Let S be a set of k + 1 horses.
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Delete a horse a from S. The set S\{a}
has exactly k horses so by the induc-
tion hypothesis all have the same color.
Suppose this color is red. Return the
horse a to the set and delete another
horse b. S\ {b} has k elements so ev-
ery horse in S\ {b} must have the same
color. Thus a must have the same color
as the other horses in S\ {b} namely
red. It follows that every horse in S is
red. By induction In any set of n horses,
all horses have the same color.

Prove that every natural number is ei-
ther odd or even.

Show that any natural number n > 2 is
either prime or a product of primes.

Let f: N — Nand g : N — N be two
sequences. Suppose:

(a) f(1)=1
(b) (1) =

(c) fln+1)=(n+
(d) gn+1)=(n+
Show that f = g.

Vn e N
Vn e N

1) f(n),
+1)g(n),

A sequence (a,)%, is defined recur-
sively by

(a) a; = 3
(b) ar = 4ay_4 for all k > 2.
Show that a, = 3-4""! foralln € N

Let (a,)2, be a sequence of real num-
bers and ¢ € R. Show that

n n

Z(cai) = CZ a;

i=1 i=1
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(a) Let (a,)s%, be a sequence of real
numbers. Prove:

n
a, = ao + Z(az — Cll;l)
i=1

for all n € N,

(b) By taking a; = % in part (a) find
a formula for 1 +2+3 +--- +n.

(c¢) Use the formula in part (a) to find
formula for Z k2.

k=1

A function F(n) is defined recursively

(a) F0O)=1; F(1)=1
(b) F(n) = F(n—1)+F(n—2);n > 1.
If

1++/5

5 ;
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Use strong induction to show that

n+1l _ An+l
o &

F(n) =
() = “——
Prove by induction that n cents can be
obtained using 2 cent and 5 cent coins
provided that n > 4.

Show that a set of n elements has ex-
actly 2" subsets.

A plane is divided into regions by a fi-
nite number of lines. Show that each
region can be colored by one of two col-
ors in such a way that regions sharing
a side have different colors.

Prove Bernoulli’s inequality
(I+x)">14nx

for all non negative integers n and real
numbers z > —1



