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Claim. With the usual notation of Continuum Mechanics∫
∂P (M)

n da =

∫
∂M

det J (J−1)TN dA

where J is the Jacobian of P .

Proof. ∫
∂P (M)

n da =

(∫
∂P (M)

n1 da,

∫
∂P (M)

n2 da,

∫
∂P (M)

n3 da

)
The first component is:∫

∂P (M)

n1 da =

∫
∂P (M)

dx2 ∧ dx3

=

∫
∂M

(J21 dX1 + J22 dX2 + J23 dX3) ∧ (J31 dX1 + J32 dX2 + J33 dX3)

=

∫
∂M

(J22J33 − J23J32) dX2 ∧ dX3 + (J23J31 − J21J33) dX3 ∧ dX1

+(J21J32 − J22J31) dX1 ∧ dX2

If C(J) is the cofactor matrix then by definition,

C(J)ij = (−1)i+jMij

where Mij is the determinant obtained by deleting row i and column j of J . Thus

C11 = J22J33 − J32J23

C12 = −(J21J33 − J31J23)

C13 = J21J32 − J31J22

Thus, (∫
∂P (M)

n da

)
1

=

∫
∂M

C11N1 dA+ C12N2 dA+ C13N3 dA

=

∫
∂M

(CN)1 dA

=

(∫
∂M

det J
(
J−1

)T
N dA

)
1

The other components transform in the same way.

1https://pennance.us

https://pennance.us

