Unconstrained Optimization

Philip Pennance! March 2022.

1. Introduction. 2. Definition.

Recall that in the calculus of a single vari-
able, the quadratic term in a Taylor Series
may be used to check critical points. In
the case of a twice continuously differen-
tiable function f of one variable, Taylor’s
theorem states that

f"(p)

; “—h*+ Ry(h)

fp+h) = f(p)+f (p)h+
where the remainder Ry satisfies.

h
lim fa(h)

h—0 h2

=0 (1)

At a critical point, f'(p) =0 and

Fo+ ) = 1)+ TP 4 Ryh)

It follows from (1), that for sufficiently
small h, f”(p) and f(p + h) — f(p) have
the same sign. Hence

(a) f”(p) > 0 indicates a local minimum.
b) f”(p) < 0indicates a local maximum.

(
If f(p) = 0 at a critical point and
f®)(p) # 0 then Taylor’s theorem yields

P (p)

3 h? + O(h)

flo+h)=fp)+
In this case it is easily seen that x = a is
neither a maximum or minimum.

The use of a Taylor expansion to evalu-
ate critical points extends to the case of
more that one variable. In this case the
quadratic term @hﬁ is replaced by a
quadratic form, called the Hessian, the de-
terminant of which is used to examine the
nature of the critical point. Details now
follow.
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Let U C R"™ be an open set and
f:U—=R.
A point p € U is:
(a) a critical point if Vf(p) = O.
(b) a local mazximum of f if

f(X) < f(p)

for all X in some open ball with cen-
ter p and contained in U.

(c) a local minimum of f if

f(X) > f(p)

for all X in some open ball with cen-
ter p and contained in U.

. Claim.

Let U be open and f : U — R be dif-
ferentiable. If p is a local maximum or
minimum, then p is a critical point.
Proof.

Let h € R" be a non zero vector. Since U
is open
p+thelU

for all t € R small enough. Define
g(t) = f(p+th)

If p is a local maximum, then for all ¢ suf-
ficiently small

fp+th) < f(p)
ILe.,
9(t) < g(0)
Hence 0 is a local maximum of g and so
¢g'(0) =0. But

g(t) = -+ 1h)

= (Vf(p+th),h)
—0.
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Putting ¢ = 0 yields

(Vf(p),h) = 0.

Since this holds for all vectors A it must
be (exercise) that

Vi) =0.

Hence p is a critical point. The proof in
the case that p is a minimum is similar.

. Example.

Let
fla,y) = e @),

Then

Vi(ay) = (~2z, ~2g)e” )
The only critical point is (0,0) which is
clearly a maximum.

. Definition.

A quadratic form is a homogeneous
quadratic polynomial in n variables.

. Examples.

The following are quadratic forms in 1, 2, 3
variables respectively.

(a) g(z) = 4a?
(b) g(z,y) = 42 + 2zy — 3y”
(c) g(z,y, z) = 4x? + 2wy — 3y* + 722

. Matrix Representation.

Let g be a quadratic form in two variables.
Then

g(hl, hg) = ahf + 2bh1h2 + Ch%

= 0w ) (3 1) (1)

— htAh,

. hl [ a b
where h = <h2) and A = <b &) .

. Definition.
A quadratic form ¢ : R? — R is

9.

10.

(a) positive definite if

g(h) >0, VheR?and
gh)=0 <= h=0.

(b) negative definite if

g(h) <0, VheR?and
g(h)=0 < h=0.

Lemma. Let g be a positive definite
quadratic form on R2. Then there is a con-
stant m > 0 such that

g(h) = m||h|*. (2)

Proof.

Recall that on a closed and bounded set,
a continuous function has both a maxi-
mum and a minimum. It follows that g,
restricted to the unit circle has a minimum
m. Hence, for all h € R2,

o = (1 1)

= 18125 (737

> m||h|*.

Claim.

Let ¢ : R? — R be the quadratic form
given by

g(x,y) = ax® + 2bxy + cy?

a

where a # 0. Let A = b

b> . The fol-
c

lowing are equivalent.
(a) g is positive definite.
(b) det A >0 and a > 0.
Proof.



Suppose that det A > 0 and a > 0. Then

2
g(z,y) =a {xQ + —y:rny]
a a

by \ 2 by
() (2 v
a a a

=a

>0
with equality if and only if x =y = 0.

Conversely suppose that g is positive def-
inite. Then a = ¢(1,0) > 0. Notice that
the term (Jc + %)2 is zero along the line
ax+by = 0. Choice of the point (—b, a) on
this line yields

g(—b,a) = adet A,

Since g(—b,a) > 0, it must be that a and
det A have the same sign, which must be
positive since a > 0.

11. Remark.

In a similar manner, it may be shown
that ¢ is negative definite if and only if
det A >0 and a < 0.

12. Claim. (Taylor’s Theorem) Let U C R?
be open and f € C®)(U), p € U. Then, for
h € R? sufficiently small

-

F+R) = )+ 9) f0)+ 53 (V)2 F(0) + o
)
where
Ry

lim —
B0 || A2

Proof. See appendix.
13. Definition.

The quadratic form
Hy(h) = (h- V)£ (p)
= D}f(p)hi + DiDaf(p)hihs
+ Dy D1 f (p)hahy + D3 f (p)h3

14.

is called the Hessian.

The matrix of H,(h),

( Dif(p)

Dngf(p)>
D2D1f(p)

D3 f(p)

is called the Hessian matriz and its de-
terminant, the Hessian determinant.

Claim.

Let U be open in R? and f : U — R
a real valued differentiable function such
that all third partial derivatives are con-
tinuous. Let p € U be a critical point of f
and let H, be the Hessian of f at p.

(a) If H, positive definite, then p is a rel-
ative minimum.

(b) If H, negative definite, then p is a
relative maximum.

Proof.

Suppose that H, is positive definite. Then
by (2), there exists a positive constant m
such that

Hy(h) > mlh]*.

Since p is a critical point, V f(p) = 0, and
Taylor’s theorem yields

Fo+h) = J) + 5, () + e

Hence
flp+h)—fp) _ Hp(h) | Ry
[[12]]? 2[[n[]> [|n[
> Fs
— 2 Al
Since 31612% Hhﬁ2 = 0, it follows, just as in

the one dimensional case, that f(p+ h) —
f(p) > 0. Hence p is a local minimum.
The proof in the case that H, is negative
definite is similar.



15. Example.

Let f(z,y) = 22 + y* Then Vf(z,y) = O
if and only if (z,y) = (0,0). Hence (0,0)
is the only critical point. The Hessian

_ D%f(?) D1D2f(p>
() = (DQDlﬂp) D3f(p) )

(0 2)

det H,(h) > 0, and D f(O) > 0

Since

the Hessian is positive definite and the
critical point is a minimum.

16. Example.

Let f(z,y) = 2? — y* Then Vf(z,y) = O

17.

if and only if (z,y) = (0,0). Hence (0,0)
is the only critical point. The Hessian

Dngf(p)>
D3 f(p)

Dif(p)
Hp(h) - (Dlefp(p)

%)

Since det H,(h) < 0, the origin is neither
a maximum nor a minimum.

Definition.

Let U be open in R? and f : U — R
a real valued differentiable function such
that all third partial derivatives are con-
tinuous. Let p € U be a critical point of
f. If det’H, < 0, then p is called a saddle
point.



Appendix — Taylor’s Theorem in R?
Philip Pennance? Version: — March 2022.

1. Claim.

Let U C R? be open and f € CO(U),
p € U. Then, for h € R? sufficiently small

F@4R) = )+ (0 9) f0)+ 53 (VP () + o

(4)

where

lim Fs =

Inll—o [[R|[2
Proof.
Let

v(t)=p+th, 0<t<1.

and

g(t) = f(v(t))
Notice,

9(0) = f(p).

9(1) = f(p+h).

g'@t) =VfQr@) ()

= hi D1 f(y(t)) + haDa f(7(t)).
9'(0) = ha D1 f(p) + ha D2 f (p)

= (h D1 + haD5) f (p)

= (h-V)f(p).

9" (t) = ha[D1f(y(t)] + ha[Daf (4(t)))
= VD f(y(t) -+ (1)
+ haV Dy f(y(2) - ’Yl(t>

= Z Z hithiDjf(rY(t))'

i=1 j=1
9"(0) = (D1 + haDs)* f(p)
= (h-V)*f(p).
Similarly,

g?(0) = (h- V)’ f(p).

By Taylor’s theorem with integral form of
the remainder

9(1) = 9(0) + g O)t + L% 4 R,

L 3)
g

Equation (4) follows on substituting for
g(0), ¢'(0) and ¢”(0). Finally,

Ral <5 [ D1+ Do) 1(o(0)
B [0+ Doy a
I
2

IN

< M.

where
M = max{|(Dy+D)* f(4(£))] : 0 < ¢ < 1},

It follows that

Ry,

Iim —— =
Irl—o0 ||R ||

. Remark. If det’H, = 0 , then the nature

of p is indeterminate.
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Eixercises
Philip Pennance?
1. Let f(z,y) =22% + y* — zy — Ty.
(a) Show that (1,4) is the only critical point of f.
(b) Test the critical point by means of the Hessian.
(¢) Verify your calculation in (b) by examining f(1+ h,4+ k) — f(1,4).

2. Compute the second degree Taylor approximation

Fp-+h) = F(p) + (0, V) Fp) + o (.9 £ ()

at p = (2,1) for the function f(z,y) =1+ x + 2y* + 2.
3. Compute the second degree Taylor expansion at p = (0, 0) for the function f(z,y) = e” cosy.

4. Find the relative maxima, minima and saddle points of the function f defined by

f(z,y) = 2° + 329 — 32° — 3y + 4.

5. Let f(z,y) = (z — 1) + 42
(a) Find the critical points of f and test them by means of the Hessian.
(b) Find the Taylor expansion of f of order 2 about the origen.

6. Find the absolute maxima and minima of the function f(z,y) = 22 —xy+y? in the rectangle
S =[-1,1] x [-1,1].
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