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1. Claim.

Let U ⊆ R2 be open and f ∈ C(n+1)(U),
p ∈ U. Then, for h ∈ R2 sufficiently
small

f(p+h) = f(p)+(h·∇)f(p)+
1

2!
(h·∇)2f(p)+R2.

(1)
where

lim
∥h∥→0

R2

∥h∥2
= 0.

Proof.

Let

γ(t) = p+ th, 0 ≤ t ≤ 1.

and

g(t) = f(γ(t)).

Notice,

g(0) = f(p).

g(1) = f(p+ h).

g′(t) = ∇f(γ(t)) · γ′(t)

= h1D1f(γ(t)) + h2D2f(γ(t)).

g′(0) = h1D1f(p) + h2D2f(p)

= (h1D1 + h2D2)f(p)

= (h · ∇)f(p).

g′′(t) = h1[D1f(γ(t))]
′ + h2[D2f(γ(t))]

′

= h1∇D1f(γ(t) · γ′(t)

+ h2∇D2f(γ(t) · γ′(t)

=
2∑

i=1

2∑
j=1

hihjDiDjf(γ(t)).

g′′(0) = (h1D1 + h2D2)
2f(p)

= (h · ∇)2f(p).

Similarly,

g(3)(0) = (h · ∇)3f(p).

By Taylor’s theorem with integral form
of the remainder

g(1) = g(0) + g′(0)t+
g′′(0)

2!
t2 +R2,

where,

R2 =

∫ 1

0

g(3)(t)

2!
dt.

Equation (1) follows on substituting for
g(0), g′(0) and g′′(0). Finally,

|R2| ≤
1

2

∫ 1

0

(h1D1 + h2D2)
3f(γ(t)) dt

≤ ∥h∥3

2

∫ 1

0

|(D1 +D2)
3f(γ(t))| dt

≤ ∥h∥3

2
M.

where

M = max{|(D1+D2)
3f(γ(t))| : 0 ≤ t ≤ 1}.

It follows that

lim
∥h∥→0

R2

∥h∥2
= 0.
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