The Mean Value Theorem for Integrals
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1. Definition.

Let Q2 C R"™ be closed and bounded. Let
0:Q —{z € R:xz>0} be a weight
function and let f : 2 — R be continu-

ous. The weighted mean of f, denoted
f is defined by
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2. Remark.
We will henceforth use the abbreviated
form
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3. Claim.

If f: Q2 — R be continuous, there exists
p € Q such that
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Proof. It suffices to prove the case
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Hence we seek p such that
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Since f is continuous on a closed,
bounded set, it has a minimum m
and maximum M in 2. Moreover, it
achieves every value between its max-
imum and its minimum.
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Since f is continuous, there exists a
point p satisfying (2).

. Special Case.

The weighted means of the functions

f(xz,y) = x and f(z,y) = y are respec-
tively are denoted X¢cjy and Yy, Thus,

//xawydxdy
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You = //Q yo(z,y) dxdy'
//Q o(x,y)drdy

The point (Xca, Yonr) is called the
center of mass. In the case of a con-
stant mass distribution the center of
mass is called the centroid. The center
of mass in three dimensions is defined
similarly.
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