The Chain Rule for Curves
Philip Pennance!  March 12, 2020.

Claim.

Let f: Q — R where  is an open subset of R3, and let o : I — R? be a
curve with image in ). If « is differentiable at ¢ € I and f is differentiable
at a(t)) then f o« is differentiable at ¢ and

(fea)(t)=Vf(alt)-(t) (1)

Proof.

Since « is differentiable at ¢ and f is differentiable at y = «(t) there exist
functions (h) and ¢(k) with limy,_, (k) = 0 and lim;_,o ¢(k) = 0. such that

a(t +h) = a(t) + o' (t)h + hy(h). (2)
and

fly+k) = fly)+ Df(y)(k) + [|klo(k). (3)

Define
k= k(h) =d/(t)h + hy(h).

and notice that k — 0 as h — 0. Since a(t+h) = a(t) + k(h), it follows from
(2) and (3) that

foalt+h)= fla(t) + k]

= foa(t) + Df(a(t))(k) + |[Fllo(k)

= foa(t)+ Df(a(t)]a’(t)h +~(h)h] + [o/(t)h + hy(h)]o (k)

= foa(t)+ Vf(a() - [ ({®)h+y(h)h] + [o'()h + hy(h)]é(k)
Hence
Foalta W =120 _ G fa(n)-ol (09 Fat) 4 (h) +o' () +1(R)6(k)
Equation (1) follows by noting that }gr(l) v(h) = 0 and that ilzlg(l) o(k(h)) = 0.
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