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1. Claim.

Let
f : Rn × Rn → Rn

be bilinear. If X = (X1, X2) and H = (H1, H2) ∈ Rn × Rn

Then
Df(X)(H) = f(X1, H2) + f(H1, X2) (1)

Proof.

f(X +H) = f(X1 +H1, X2 +H2)

= f(X1, X2) + f(X1, H2) + f(X2, H1) + f(H1, H2)

= f(X) + L(H) + ϕ(H)

where L(H) = f(X1, H2) + f(X2, H1) and ϕ(H) = f(H1, H2). Let H = tK where
K = (K1, K2) ∈ Rn × Rn is a unit vector. Notice that

ϕ(tK)

t
=

f(tK1, tK2)

t
= tf(K1, K2)

= tf(K)

→ 0

as t → 0. It follows that f is differentiable at X with derivative given by (1)

2. Composition of a bilinear map with a curve.

Let g : R3 × R3 → R be bilinear α, β : I ⊆ R → R3 be curves in R3 , then

d

dt
g(α(t), β(t)) = g(α′(t), β) + g(α(t), β′(t))

Proof.

d

dt
g(α(t), β(t)) = Dg(α(t), β(t)) ◦ (Dα(t), Dβ(t))(1)

= Dg(α(t), β(t))(α′(t), β′(t))

= g(α′(t), β(t)) + g(α(t), β′(t))
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