UNIVERSITY OF PUERTO RICcO — Rio PIEDRAS
DEPARTMENT OF MATHEMATICS

EXERCISES ON VECTOR GEOMETRY
Prof. Philip Pennance

1. If a diagonal and an edge of a cube intersect. Find the angle between them. 0By
proportionality, the angle is independent of the length of the sides. Hence, it can
be assumed that the cube is the standard unit cube [0,1]*. The angle 6 between the
diagonal vector o = (1,1, 1) and the vector 8 = (1,0,0) is given by

2. Let

(a) Evaluate (&, 3).
0

=

(@, 8) = (=1)B) + (2)(4

(b) Find the projection of @ on f3.
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(c) Evaluate @ x f.
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3. Use vectors to show that if P and ) are the midpoints of CA and C'B respectively,
then P(Q) is parallel to AB

OSolution.
Let d, b, ¢ be the position vectors of points A, B, C respectively. Then,

PG =00 - OP

Hence, ]@ is parallel to 1@ .

4. Use vectors to show that if P and ) are the midpoints of CA and C'B respectively,
then the line through C which bisects AB also bisects PQ

OSolution. B
Take the origin at A. Let b = O? and ¢ = O? be the position vectors of B and C'

respectively. The midpoint D of AB has position vector g and so the line (23 has
t -
equation v(t) = (1 —t)c+ 3 b. The midpoint M of P(Q has position vector

Since Y(1/2) = m, the line Cﬁ bisects PQ.
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5. Let a, b be non zero vectors in R?* and such that (a,b) = 0. Let a, 8 and ~ are real
numbers such that aa + b+ va x b= 0. Show a =/ =v=0.

Taking the scalar product of both sides with @ and using (a,b) = 0 and (a,a x b) =0
yields B(b,b) = 0. Since b # 0 it must be that § = 0. Similarly, taking the scalar
product with @ shows that a = 0. Hence ya x b = O. Since @ is orthogonal to b and @
and b are non zero, it follows (by the Lagrange identity) that v = 0.

6. Let

a=(3,1,-1)
7

F=(\—1,7—

A).
22)

(a) Find X if § and @ are parallel.

B and a are parallel if and only if there is a constant ¢ # 0 such that 5 = ca.
Comparing the second components of the vectors reveals that necessarily, ¢ = 7
and so = (21,7, —7). It follows that A = 22.

(b) Find \ if 5 and & are orthogonal.

(0,8) =0 4= 3~ 1)+ ((T) + (~1)(52N) = 0
88
.

7. Let @ be a non zero vector in R3. Ifc?-l;:cT-Eand&'xg:c?XE,showthatl;:*

Let @ = b — & From the bilinearity of the cross product we have

—

Similarly, using the bilinearity of the scalar product @-w = 0. By the Lagrange identity,
@ < @]|* = |a]*||f]]* — (@ - @)

Since @ x 1 = 0 and @ - @ = 0 it follows that [|a]? HwH2 = 0. But ||a| # 0. It follows
that ||| = 0. This can only happen if @ = 0. That is, b — =0, and so b = &



8. The skew product of two vectors in R? is defined by the formula:

(331, yl) A (552, yz) = Z1Y2 — T2Y1.

(a) Show that (cjv1) A (cave) = c1c2(vy A vy) for any scalars ¢, ¢ and any vectors
U1, V3.
Solution.
Let vy = (21,71) and vy = (22,%2). Then cyv1 = (121, c1y1) and covy = (a2, C2Yo).
and so
C1U1 A CoUg — <01$1 *Colg — Co9 - Cll’l)

= 0162($1y2 — TaYs)

— C1C9U1 VAN V3.

(b) Compute (cos a, sina) A (cos 3, sin f3).

(cos o, sin ) A (cos 3, sin §) = cos asin § — sin « cos 3

=sin(f — «).

(¢) What geometric circumstance determines the sign of the skew product?

Using the same argument as in (b) The wedge product in polar coordinates takes
the form
(rcosa,rsina) A (r' cos 8, sin 8) = rr' sin(f — ).

It follows that

(rcosa,rsina) A (r'cos 8,r'sin8) >0 < sin(f—a) >0
— 0<f—a)<m.

LO0<pf—-—a<m. . m<f—a< 2.

(d) Let @b be non zero vectors in R2. Show that @ and b are lincarly independent if
and only if @ A b # 0.
Solution.

-

It suffices (by contraposition) to show that (a,b) is an dependent list in R? if and
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only if @ A b) = 0.

Suppose @, b are dependent non zero vectors. Then (exercise) @ = c¢b for some non
zero constant ¢. Hence,
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Conversely, suppose a A b= 0, i.e., aybs — asb; = 0. Since b is non zero, either
by # 0 or by # 0. If by # 0 then

b
(a17a2) = (% GQ)
2

_ “2_bla)
- b272

-

and so (@, b) is a dependent list. The case by # 0 is similar.

9. Find a vector parallel to the line of intersection of the planes: 2x —y + 2z = 1, and
3r 4+ y + 2z = 2. Find an equation for the line of intersection of the two planes.
Solution.

The planes have normal vectors n; = (2,—1,1) and ny = (3,1, 1). The cross product
U =ny Xny = (—2,1,5) is a direction vector to the line of intersection of the two planes.
Putting x = 0 in the equations of the planes and solving for the other coordinates yields

a point P = (0, 2 55 ;’) in the intersection of the planes. Hence, an equation for the line

of intersection is
X(t)=P+tv, teR

=(0,3,3)+t(—2,1,5) teR.

10. (a) Write the line 2z — 4y + 5 = 0 in the vector form P + [u] where P € R? and 4 is
a unit vector.

Solution.

Let P = (0,3). Since (2, —4) is normal to the line, ¥ = (4,2) is a direction vector.
2y

Take u = 15 = (7350 735) = (50 75):

(b) Let P = (4,3) and @ = (1,2), write the image of the curve y(t) = P+tu, t€R
in the Cartesian form y = mx + b.



Solution.
A(t) = (4,3) +1(1,2).

r=4+1
y=3+2t

Eliminating ¢ gives y = 3 + 2(x — 4) = 2x — 5.

11. (a) Find a unit vector u* perpendicular to the line ¢ given by ax + by + ¢ = 0 where
a and b are not both zero.
b
Since (a,b) L ¢, we may take ut = < a4 , ) .
(@) v VZ+ B Va + 0
(b) Let p be the point (0, —%) € £. and let ¢ = (§,1) € R*. Compute the projection

P, ( ﬁ of the free vector ]ﬁ
L

Since u— is a unit vector,

uL ﬁ q - D UL>UL

= (l&m = (0.75) )t

=<(£n+ ) (x/a;—i-b? \/aQber2>>uL

b
a& + 77+cuL'

Va? +b?

(c) Let d = |P,.pg|. What does d represent geometrically?
d is the perpendicular distance of the point g = (£, 7) to the line /.

12. Let P be a point on the plane 2x 4+ 3y + 4z = 5. Find the projection of P on the
normal vector to the plane.

Let n = (2,3,4) and 7 = & = (L

[l ’

w%) and Let P = (£,7,¢) be a point on the
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plane

13. Use vectors to show that the medians of a triangle are concurrent.

C

A C’ B

The segment connecting the A to the midpoint A’ of BC') has equation

—

. . b+ ¢
r=(1—-t)a+t 5 0<t<I1
. | . o L d+b+e
Putting t = % shows that the centroid M with position vector m = ———— lies on

this median. Similarly, or by symmetry, M lies on the other two mediums. Hence the
medians intersect at M.

14. Consider the AABC' in which A = (1,1,1), B = (2,1,1), and C = (3,4,4). Find
the cosine of the angle between the sides AB and and the segment connecting A with
the centroid M .

C

Solution.

The centroid
A+B+C
M- + - +

=(2,2,2)



15.

16.

17.

(1,0,0)
AM =M — A
=(1,1,1)
Hence
cos(/MAB) = AN AB
HflMHHAEH

V3

Two vectors @ and b are dependent if there exist constants, ¢q, ca, not both zero, such
that c;@ + cob= 0. If @ A b= 0, show that @ and b are dependent.

Solution.

Smce aAD = 0, it follows that a;by = (Igbl If b = 0 then a, b are dependent since
17b + 0@ = 0. Hence we may assume that b is non zero. Thexefoxe either b; # 0 or
bg §é 0. If b2 % 0. then

-

and so (d,b) is a dependent list. The case by # 0 is similar.
Consider the line ¢ given by ax + by +c¢ = 0. Let p = (x1, 1) and ¢ = (22, y2) be points
on (. Let ¥ = (a,b). Show that ¥ - pg = 0.
Solution.
Recall pg = q — p = (v2 — x1,¥2 — y1). Since p,q € ¢
ary +by1 +c=0
axo + by2 +c=0

Subtraction yields
a(xyg — xy) + b(zy — 1) = 0.
Le.,
U-pg=0

(a) Consider the plane 7 given by az + by + cz +d = 0. Let p = (p1,p2, p3s and
q = (q1, 92, q3) be points in 7. Let ¥ = (a, b, ¢). Show that ¢ - pg = 0.
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18.

(b) Find a vector parallel to the line of intersection of the planes: 2x —y+ 2z = 1, and

3r+y+z=2.
Solution.
Recall pg = q—p = (q1 — p1,q2 — p2,q3 — p3). Since p,q € £
apy +bps +cps+d =0
aqr +bgy +cqz +d =0
Subtraction yields
a(pr — q1) +b(p2 — q2) + c(p3 — q3) = 0.

Hence,
v-pq = 0.

It follows from part (a) that the planes have normal vectors n; = (2,—1,1) and ny =
(3,1, 1)respectively. Hence, the cross product ¢ = ny x ny = (—2,1,5) is a direction

vector for the line of intersection of the two planes.

Let O = (0,0,0), B and C be the vertices of a right triangle in R* with hypotenuse
BC' . Let D be the foot of the perpendicular from O to BC. Let b, ¢, d be the position
vectors of B, C, D respectively. Find (in terms of B and C' the constant A such that

d=(1-\b+ ¢

Solution.

Taking the dot product of (1) with b and with & and noting that b - &= 0 vields

(1= 2)b]?
Alel®

b-d
- d

Subtracting gives . = .
(b=2&)-d= (1= N[BlI* = Alle]*

Since d is perpendicular to b — ¢ the left hand side is zero. Hence
(1= N)[b]*> = Allel* = 0
e
1117 + 112
e
1B]2 + (112

(1)



and so .
b 2 . 2
0] P I .

d= . ¢
1 +flel - fle® + [l

19. Express (3@ +25) x (d + 45) as a scalar multiple of @ x 3.
Solution.

Since the cross product is bilinear and antisymmetric,

B) + (26 x d) + 8(28 x 5)
a

~—

20. Show that the midpoints of the sides of a quadrilateral ABC'D in R3 form a paralel-
logram. Solution.

Let
M1:A+B
2
B
M, = +C
2
M3:C+D
2
D+ A
M, = +
2
Then,
A
M, — My = ¢
2
= M, — M,
B—-D
Ml—M4: 2
= My — My

21. Show that the diagonals of a parallelogram intersect at their midpoints.
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A
Let M; be the midpoint of AC and M, the midpoint of DB. Since ZB = BC’

— 1
AM, = AB + 51@
1 1 1
1
— ZAC
2
= AM;
Hence, M, = M,.
22. Use vectors to show that the diagonals of a parallelogram coincide at the midpoints.

Let ABCD be a paralellogram with 1@ = DC. Let a,b, c,d be the position vectors of
the points A, B, C, D respectively. Then

AL = DC
e 0OA-0B=0D-0C
<~ a—b=d-c

a+c_b+d
2 2

It follows that the midpoints of diagonals AC' and BD coincide.

23. Let @ = (2,6,3) and f = (A — 1,2\ + 2, A + 1). Find X if:

(a) 5 and & are parallel.

Solution. If 8 and & are parallel, there exists a constant ¢ such that f = ca.

Hence
A—1=2¢c
2\ + 2 = 6¢
A+1=3c.

It follows that ¢ = 2 and A = 5.
Alternative idea: /? and « are parallel if their cross product is zero.
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(b) B and @ are orthogonal.

Solution.
@p) =0
— 20 =1 +6(2A+2)+3A+1)=0
13
A=——.
< 17

24. Let @ = (—1,2,—3) and 5 = (2,3,6).

(a) Evaluate (@, 3).

Solution.

(@, 8) = (=1)(=2) + ()3 + (=3)(6) = —14.

(b) Evaluate ||3]].
Solution.

15 = V22 + 3 +62="T.

(¢) Find the projection of @ on f3.

Pafa) = 558
—14
= 4—9(273,6)

(-4 —6 —12
S\ T7T7 T

(d) Evaluate & x .

Solution.
ik
-1 2 =3/ =21i+0j — 7k =(21,0,-7).
2 3 6

25. Express (3@ + 23) x (@ + 45) as a scalar multiple of @ x 3.

Solution.
Since the cross product is bilinear and antisymmetric,

(Ba+208) x (a+45) =3(d x o) +12(ad x 5) + (26 x @) + 8(28 x )

= 12(@ x B) +8(F x a)
=12(@ x ) — 8(@ x B)
= 10(@ x f)



26.

27.

28.

(a+28) x Ba+4p) = (a x 3a) + (a x 45) + (208 x 3a) + (26 x 45)
— 3(a x ) +4( x ) + 6(8 x a) + 8(6 x )
— 4(a x §)+6(8 x a)
— 4(a x ) - 6(a x )
= —2(a x f).

Determine whether the vectors (1,—1,—-2), (2,1, —1) and (4,5,1), are linearly inde-
pendent.

Consider the AABC in which A = (1,2,3), B=(-1,-2,2), and C = (2,3, -2).
Find:

(a) the cosine of the angle between the sides AB and AC
(b) the length of the side AB.
(c) the midpoint of side AB.

Solution.

AB = (=2,—4,—1)
|IAB| = Va1
IAC| = (1,1,-5)
IAC| = V27 = 3v3
AD - AC
cos LZBAC =
|AB[|AC|
—1
~ 3V63

Let P be a point and n a unit vector in R®. Let M, N be two distinct points in the
plane 7 through P with normal n. Show that line through M and N is contained in
the plane 7.

Solution.
The plane 7 has equation n - (X — P) = 0. Since M, N € 7

n-(M—-P)=0
n-(N—P)=0

13



29.

30.

Let X be a point on the line containing M and N. Then X = ¢tM + (1 —t)N for some
t € R. Then

n-(X—P)=n-(tM+(1—-t)N—n-P)
=tn-M+(1—t)n-N—n-P
=tn-P+(1—tn-P—n-P
=0
Hence X € 7 and so the line is contained in .

Find the perpendicular distance from the point ¢ = (1,2, 3) to the line of intersection
of the planes: 22 —y+2 =1, and 3z +y + z = 2.
Solution.

The planes have normal vectors n = (2,—1,1) and n’ = (3,1,1). A direction vector
for the line L of intersection is ¥ = n x n’ = (=2,1,5). It is trivial to verify that

the point p = (0, %, %) belongs to the intersection. Hence, an equation for the line of

intersection is X (t) = (0, 3, 2) 4+ t(—2,1,5)). It is not difficult to show (and is obvious

from a picture!!) that the foot of the perpendicular from the point ¢ to the line, is the
point

F=p+ Pyq—p)
where Pj(q — p) is the projection of ¢ — p on the the direction vector ¢. The distance
of g to the line L is given by

d(q, F) = d(q —p, F — p)
=d(q—p, Ps(q —p)).
q—p= <1a273)_(07%’%) - (17%’%)

Hence

Let a,b € R3. Show that |a x b|* = |a|?|b]* — (a, b)%.
Solution.

By definition:
a x b= (azbs — asbs, asby — a b3, a1bs — asby)

(a, b> = a161 + a2b2 + a3b3.

Brute force computation reduces both sides of the given equality to the expression:

Clgbg + a%b% + a%bf + a%bg + a%b% + agb% — 2a2a3b2b3 — 2&3@1()3[)1 — 2&1&2[)1()2.
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31. Let A, B be the two points indicated on the following Euclidean line:

~

and let A\{, Ay be positive real numbers.

(a)

Show that if \; + Ay = 1, then a linear combination of points P = \A 4+ A\, B

does not depend on the location of the origin. Let O and O" be any two points of
origin and let P = \{ A + A\ B.

Solution. A change of origin (in any dimension including 1) is expressed by

Chasle’s equation
— —
OX =00 +O'X

— —
In particular, (Zi = 00"+ 0'A and O? = 00" + O'B. Hence,

H \
O+ MOA + 008 = 0+ M00' + MO'A+ 2,00 + 2,0'B
— — —
=0+ (A + X2)00" + \O'A+ \0O'B
— — —
=0+ 00" +\O'A+ X0'B
— —
=0 +MO'A+\0'B
Both initial and final expressions describe the same point P.

Show that the ratio of the distances PA : PB is Ay : A\;. Hence locate the point
P= %A + %B on the above scale.

Solution.
d(P,A) =|A— P|
=]A— (MA+ \B)|

=|(1—-X)A— \B|
= |A| - [A = B
=\ - d(A, B).
A similar argument shows that d(P,B) = \d(A, B). Hence jgjg; = i—f In

particular if P = 5A + 2B then Zg’gg = 2 (see diagram above).
This also provides a solution to part (a) since the ratio Zgﬁg; uniquely determines

P.

Show that the point ) = éA + 1—728 cannot be located unless the origin is known.
Solution.

Counter example: If the origin O is the point A then @ is the point B. If the
origin is B, then () is the point A. Thus the location of () depends on the origin.
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32.

33.

34.

This example shows that that formula for center of mass is independent of reference
frame. According to relativity, the laws of science should be frame independent. In
particular, in a relativistic model, there is no experiment which can distinguish between
the earth going around the sun and the sun going around the earth.

Let P be a point and n a unit vector in R3. Let M, N be two distinct points in the
plane 7 through P with normal n. Show that line through M and N is contained in
the plane 7.

Solution.

The plane 7 has equation n - (X — P) = 0. Since M, N € 7

n-(M—P)=0
n-(N—P)=0

Let X be a point on the line containing M and N. Then X = ¢tM + (1 —t)N for some
t € R. Then

n-(X—P)=n-(tM+(1—-t)N—-n-P)
=tn-M+(1—t)n-N—-n-P
=tn-P+(1—t)n-P—n-P
=0

Hence X € 7 and so the line is contained in 7.

(a) Write the line 2z — 4y + 5 = 0 in the vector form P + [u] where P € R? and « is
a unit vector. Solution.
Let P = (0, 3). Since (2, —4) is normal to the line, ¥ = (4,2) is a direction vector.
Take u = o = (\/ifo’ \/%) = (\%, \%5)

(b) Let P = (4,3) and @ = (1, 2), write the image of the curve y(t) = P+tu, te€R
in the form y = mx + b.

Solution.

v(t) = (4,3) +t(1,2).
=4+t
y=3+2t

Eliminating ¢ gives y = 3 + 2(x — 4) = 2z — 5.

(a) Find a unit vector u* perpendicular to the line ¢ given by ax + by + ¢ = 0 where
a and b are not both zero.

b
Since (a,b) L ¢, we may take ut = ( ¢ , ) )
(@9) ' Vaz+ b Va?+ b?
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(b) Let p be the point (0,—%) € £. and let ¢ = (§,n) € R?>. Compute the projection

P, (ﬁ) of the free vector pg.

L

Since u— is a unit vector,

P @) = (g —p,u)u"

= <(§?n) — <O, —%) ,ul> ut

B c a b N
a <(f777+ b> 7 (\/CLQ—FbQ’ \/a2+b2>>u

B a£+br]—i-cuL
Vva? + b? .

(c) Let d = |PuLﬁ| . What does d represent geometrically?
d is the perpendicular distance of the point ¢ = (£, 7) to the line /.
35. (a) Find a unit vector 7 perpendicular to the plane 7 given by ax + by + cz+d =0
where a b and c are not all zero.

b d
Since(a,b,c)Lﬂ,wernaytaken—( ; ¢ = — = — )
Va2 + 02+ Va2 + b2+ Va2 + b2+ 2

(b) Let p,p’ be distinct points in 7. Show that p and p’ have the same projections on
n.

Solution.
If p = (p1,p2, p3) € m. Then

apy +bps +cps+d =0

It follows that g

n = ——
P Va2 + b2+ 2
Proj,(p) = (p-n)i
—d
EE——
Va2 + b2 + 2

Since this is independent of p it is the same for all points p € 7.
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(c) Let ¢ = (£,71,¢) € R3. Compute (in terms of a,b, c,d) the projection Pn(]ﬁ) of
the free vector pg on 7.

Po(pd) = (q -
‘n—p-n)n

G
al +bn+c —d .
E£+n+< )n

p)-n

Va2 +02+c2 Va2 +b2+ 2
a§+bn+c§+d)ﬁ

vVa? + b2 + 2

(d) What does |Pnﬁ| represent geometrically?
d is the perpendicular distance of the point ¢ = (£, 7, () to the plane 7.

36. Let a,b,c € R% If bAc = bicy—bycy is the oriented area of the parallelogram determined
by b,c and at = (as, —b;) Show that
(a-c)b—(a-b)c=(bAc)a*
Solution.

(a-c)b—(a-b)c=(aic; + agca)b — (arby + ashy)c
arcy + agca)(by, by) — (arby + azbs)(cy, c2)
alblcl + Clzbng — alblcl — GQbQCl, aleCl -+ a/2b202 — &1[)102 — angCQ)

as, —ai)(bAc)

a(b/\c) a;(bAc)
bAc)a*

(
= (
= (
(a25102 — agbacy, arbyer — a15102)
= (
= (
= (bA

37. Find a unit vector u parallel to the line of intersection of the planes: 2x —y + 2z =1,
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38.

and 3z +y+ 2 = 2.

ny = (2,—-1,1)
Ng = (3, 1, 1)
ny X ng = (—2,1,5)

_ 1
Hence u = \/—37)(—2, 1,5)

Let P be a point on the plane 2x + 3y + 42 = 5. Find the length of the projection of
P on the normal vector to the plane.

Solution.
Let n= (2,3,4) and 7 = % = (%9 < %9) and Let P = (&,7,¢) be a point on the
plane
Proj,,(P) = (P -n)n
B (2€+3n+4C) .
V29
5
=—n
29
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