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1. Discuss briefly the geometric motivation underlying the definition of the integral of a
scalar function over a smooth parametrized surface.

Solution. Let S = X(U) be a smooth parametrized surface. A small parameter
rectangle [u,u + Au] X [v,v + Av] is sent to a curved patch which is approximated
by the parallelogram spanned by X,Au and X,Av. That parallelogram has area
| Xy X Xp|| AuAv. If f is continuous, the sum of the values f(X(u,v)) times these

areas tends to
/fda = // F(X(u,0)) | Xy x X, | dudv.
s U

When f =1 this is surface area; when f is a density it is mass.

2. Show that the surface area of a sphere S of radius p is 47p? by calculating / ldo.
S

Solution. Use spherical coordinates,

X(p,0) = (psingbcos@, psin ¢ sin 6, pcosgb),
with 0 < ¢ <7 and 0 <6 < 27. Then

X, x Xg = p’sing (singbcos 0, sin ¢ sin @, cos gb), | Xy x Xp|| = p*sin ¢.

™ 27 ™
/1da:/ / p2sin¢>d9d¢=p2-27r/ sin ¢ do = 4np?.
S 0 0 0

3. Evaluate /yda, where Sis given by z =2 +9%, 0<2<1,0<y < 2.
s

Hence

Solution.
X (u,v) = (u,v,u+v?),
X, =(1,0,1), X, =(0,1,2v),
Xy x X, = (—1,—20,1),
1 Xy X X, = V2 + 402 = V21 + 202
Thus

2 1 2
/ydazx/i/ / v\/1—|—21)2dudv:\/§/ vV 1+ 202 dv.
S 0o Jo 0
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The substitution w = 1 + 202, dw = 4vdv, sends v =0tow =1 and v = 2 to w = 9,

SO
V2 [ V21 3]0 V2 13

= — = — 27 — 1 2.

/Syda 4/110 dw 6[10 L 6(7 ) = 3\/_

. Evaluate / z? do, where S is the unit sphere 22 + 3% + 22 = 1.
s

Solution.

X(9,0) = (
Xy = (cos¢cosb, cospsinf, —sin ¢),
(—

Xy = (—sin¢sinb, sin¢cosd, 0),
Xy X Xp = (sin® ¢ cos @), sin® ¢sin 6, sin ¢ cos @),
[ Xy x Xg|| =sing ~ (0< ¢ <m).

sin ¢ cos 6, sin ¢ sin b, cos ¢),

(The last identity holds because || X4 x Xg||? = sin* ¢+sin? ¢ cos? ¢ = sin® ¢.) Therefore

/Sdeaz/OW/OQW(singbcos@)Qsingbdédgb: (/Owsini;gbdgb) (/Ozﬂcos%’d@)

The #-integral equals 7. For the ¢-integral, sin® ¢ = (1 — cos? ¢)sin ¢, and w = cos ¢

gives
™ 1 4
/ sin3¢d¢:/ (1—w?)dw=—.
0 -1 3

4
Hence the surface integral is %

. Evaluate / yzdo, where S is the part of the plane z = y + 3 inside the cylinder

s
22+ = 1.
Solution.
X(u, ) (u,v,v+ 3),
= (1,0, 0) X, =(0,1,1),
X. ><X =(0,—1,1),
1 X, % X, = V2.

The parameter domain is the disk D : u? +v% < 1, so

/Syzd(f:ﬁ//Dv(eri%)dudv:\/5//1)(02+3v)dudv.

The term 3v is odd in v and integrates to 0 over D. In polar coordinates,

27 1 1 27
// v2dudv:/ /r2sin20-rdrd«9:—/ sir129d9:z
D 0 0 4 Jo 4
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Therefore \/_
™ ™2
do=vV2 — = ——.

/s yzdo =2 1 1

. Calculate the mass of the part of the plane 3z + 2y + 2 = 6 in the first octant if the
surface density is p(z,y,2) = v.

Solution. A parametrization of the first-octant portion is

X(u,v) = (u,v,6 — 3u — 2v), 0<u<2, 0<v<3-32q,
X, =(1,0,-3), X, =(0,1,-2),
Xy x X, =(3,2,1),
X x X, = V14

The mass is

2 r3-3u/2 2 9
/yda:\/ﬁ/ / vdvdUZ\/ﬁ/ —(3—3—U) du.
S 0o Jo 0 2 2

The substitution w = 3 — 3u/2 yields

1 3
/ydazvlél-g/ w? dw = 3v/'14.
S 0

. Calculate the mass of the triangle with vertices (1,0,0), (1,1,1) and (0,0,2) if the
surface density is p(z,y,2) = zz.

Solution. The unique plane through the three points is z = 2 — 2x +y. The projection
onto the zy-plane is the triangle with vertices (1,0), (1,1) and (0,0), i.e. 0 <z <1,
0 <y <z Thus

X(u,v) = (u,v,2 —2u +v), 0<u<l1l, 0<wv<u,
Xu - (1707 _2)7 Xv - (07 ]-a 1))
X, x X, = (2,-1,1),
| X, % X, = V6.

The mass is
1 u 1 3 7
/xzdaz\/é/ / u(2—2u+v)dvdu:\/6/ <2u2——u3>du:—\/6.
s o Jo 0 2 24

. Find the flux of F(z,y, z) = (y, x, z) through the surface S with parametrization

X (u,v) = (cosw, sinv, u), 0<u<2, ggvgw.



9.

Solution.

X, =(0,0,1), X, = (—sinwv, coswv, 0),
Xy x X, = (—cosv, —sinv, 0).

On the surface, F(X (u,v)) = (sinv, cosv, u), so

F(X) (X, x X,) = —sinvcosv — cosvsinv = —2sinv cosv = — sin 2v.

Hence

™

w/2

2 i 2 1
/F'dS:// (—sin2v) dvdu = /du — cos2v
s 0 Jr/2 0 2
1

= 2~§(cos27r—cos7r) =1—-(-1)=2.

(The chosen normal X, x X, = —(cosv,sinv, 0) points toward the z-axis.)

(a)

Let p € R3 and let &, gbe orthonormal vectors in R3. Define X (u,v) = p—l—uoﬂ—vg.
i. Describe the image S of X. Show that X is a bijection onto its image.

ii. Find the inverse map X !

Solution. The image S is the affine plane through p spanned by & and 5 If
X (u,v) = X(u/,v'), then (u — /)@ + (v — /)3 = 0. Linear independence forces
uw =1 and v =1/, so X is injective, hence bijective onto S. Because {@, 5} is
orthonormal,

Xﬁl(:c,y,z):((r—p)-&, (r_p)'g)a I‘I<£L',y,2).
In these coordinates || X, x X,|| = ||&@ x || = 1, so do = dudv.

Discuss briefly the definition of the integral of a scalar function over a smooth
parametrized surface.

Solution. If X : U — R3 is a smooth parametrization of S and f is continuous on

S,
/Sfd” - //Uf(X(uaW) 1Xu % X.,|| du dv.

The factor ||X, x X,| converts parameter area into surface area. The value is
independent of the choice of (orientation-preserving, regular) parametrization.

Show that the surface area of a sphere of radius p is 4wp? by calculating / ldo.
S

Solution. As in item 2, || Xy x Xy|| = p*sin¢ on [0, 7] x [0, 27], and

7r 27
/1da:/ / p?sin ¢ df dp = 4mp?.
s 0o Jo



