Stokes’s Theorem
Philip Pennance! Version: — February 2019.

1. Compute the surface integral / V X F -ndo where F is the vector field
S

F(z,y,2) = (x+y* y+ 2° 2 + 27)

and S is the face of the triangle with vertices P = (1,0,0), @ = (0,1,0), and R =
(0,0,1). Take n to be the unit normal in the direction PQ x PR.

Solution.

Let Q be the triagular region of the (u,v) plane
Q={(u,v):0<u+v<1, w,v>0}

The surface S has parametrization X : 0 — R3 given by

X(u,v) =P+ u(Q — P)+v(R— P)
:P—i—u@—l—vﬁ
=(1,0,0) + u(—1,1,0) + v(—1,0,1),
=(l-u—vuv), 0<u+v<1l wuwv>0.
X, =(-1,1,0).
(—
(

X, = (~1,0,1).
X, % X, = (1,1,1)
9 9 9
VX F= 92 8_y EP
Fy Fy, Fj
= (—2z,—2x,—2y)
= —2(z,x,y)

V x F(X(1,0)) - (Xy x X,) = —2.
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2. Let F be the vector field
F(z,y,2) = (x+y° y+2° 2+ 2%

and let C' be the triangle with vertices P = (1,0,0), Q = (0,1,0), R = (0,0, 1). Verify

Stoke’s Theorem, in this case, by directly computing the line integral / F -dr and

c
comparing the result with that of the previous question.

Solution.

Y1(t) =P+tQ — P) 72(t) =Q+H(R—-Q) v3(t) = R+t(P — R)
= (1,0,0) +t(~1,1,0) =(0,1,0) +¢(0,~1,1) =(0,0,1) +¢(1,0, -1
= (1—t,t,0) =(0,1—1t,1) = (£,0,1—t)

M(t) = (~1,1,0) Y(t) = (0,-1,1) V(t) = (1,0,—1)

Hence,

1
[ F= [ Poue) o
m 0
1
:/ (1—t+t2t,(1—1)?)-(=1,1,0)dt
0
1
:/ —t2 42t —1dt
0
1
=3
Similarly,

It follows that

3. Give four examples which illustrate that microscopic circulation may not resemble
macroscopic. Solution.

(a) .
F(z,y,2) = —(;gyf;ﬂ)
V x F(z,y,z) = (0,0,0)
(b)

F(.T,y,2> = (—y,l',O)
V x F(z,y,2) = (0,0,2)



(_y7 z, 0)
(22 + y2)3/2
(0,0,—1)
(22 + y2)3/2

F(z,y,2) =

VX F=

F(z,y,2z) = (y,0,0)
V x F =(0,0,-1).

4. Let S be the part of the sphere
Pty =4

that lies inside the cylinder 22 + y? = 1 and above the xy-plane. Use Stokes’ theorem,

to evaluate
/ / VX F-da,
s

F=uazi+ yzj + xy/%,

where

Solution.

The boundary of S is easily found to be the circle given by
2yt =1, z= V3.

Looking down along the positive z-axis this should be oriented counterclockwise. Hence
let
v(t) = (cost,sint, v/3),0 < t < 2.

7' (t) = (—sint, cost, 0)
F(y(t)) = (V3cost,v/3sint, costsint),

/SV X F-ndo = /O%F(y(t)-y’(t)dt

5. Let C be the unit circle oriented counter-clockwise. Evaluate

/ r?zdx + 3z dy — yPdz
c



