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1. Let f(z,y) = In(2? + y* + 1). Find the critical point(s) of f and use the Hessian to
determine whether they are maxima or minima.

Solution.
Dy f(z,y) = #fgﬂa Dy f(z,y) = #52“,
Df(o) = 24 =22 Dftan) = 25D,
DDy f(z,y) = @ ;;l;v?j_ 72 = Dy D f(z,y).
The gradient vanishes if and only if (z,y) = (0,0). At P = (0,0),

H(P):(g g) det H(P) =4 > 0, D?f(P)=2>0.

Thus H(P) is positive definite and P is a strict local minimum. (In fact f > f(0,0) =0,
so the minimum is global.)

2. Let f(x,y) =1+ 2+ 2y* + 23. Compute the second-degree Taylor approximation
Y

P+ ) = 1)+ (h-9)F(0) + o5 (h- V2 (0) + Ro

at the point p = (2, 1).

Solution.
Dy f(z,y) = 1+ 327, Dsf(z,y) = 4y, Dif(z,y) = 6z,
D%f(w,y) =4, Dngf(x,y) =0, DQle(x, y) =
Evaluating at p = (2,1) gives f(p) = 13 and
Dif(p) =13, Dy f(p) = 4, Dif(p) =12,
D3 f(p) =4, Dy Dy f(p) = 0.
Therefore
flp+h)= f(p) + D1 f(p) + heDs f(p)
1
+ 5 [PD}F(9) + 2maha Dy Do f(p) + B3D3 £ (p)] + Rz
= 13 + 13hy + 4hy + 6hT + 2h3 + Ry,
where
b T2
Inll—o [[][?
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3. Compute the second-degree Taylor expansion at p = (0,0) of f(z,y) = e” cosy.

Solution.
D f(x,y) = e” cosy, Dif(p) =1,
Dy f(z,y) = —e"siny, Dy f(p) =0,
D3 f(z,y) = e” cosy, Dif(p) =1,
Dgf(x,y):—e Cos Yy, Dgf(p) :_]—7
D1D2f($a?/) = —e sy, DIDQf(p) =0
Hence

f(p+h) = f(p) + iDif(p) + haDs f(p)
+;ﬁDH@Ham@Dﬂyﬂm+@Dﬁ@ﬂ+OWW5
= 1t i+ g (0~ 1)+ O(IAI[).
Writing (hy, ho) = (),

f(Ly):l—l—x—l—%(xz—yQ)—i----.

4. Find and classify, by means of the Hessian, the critical point(s) of

flz,y) =22° + y* — 3y — Ty.
Solution.

Dif(z,y) =4z —y,  Dof(z,y)=-x+2y—T7,
D%f(ﬂ?,y):4, D%f(x>y>:27 Dngf(l’,y):—l

The equation V f(z,y) = (0,0) is the linear system
dr —y =0, —r+4+2y="71,

with unique solution (x,y) = (1,4). The Hessian is constant:

H:(ﬂ j), detH=7>0, D?f=4>0.

Thus H is positive definite and (1,4) is a strict local minimum.

5. Find the absolute maxima and minima of f(z,y) = 2 — zy + y* on the square
S =[-1,1] x [-1,1].

Solution. Absolute extrema occur at critical points in the interior or on the boundary.

Critical points.
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There £(0,0) = 0.

Boundary. Parametrize the four sides by

Vl(t) = (1 t)? '72(t) = (_Lt)v —1<t< 17
73(t): t, 1), 74(t):(t7 1)7 -1<t<1
Then
fo'yl(t):foyg(t)zl—t+t2:(t—%)z—i-z,
B B ) N2 3
Jormt)=fom) =1+t+E=(t+5) +5.

On [—1, 1] each of these quadratics has minimum value 3/4, and the endpoint values
are 1 and 3. The value 3 occurs at

7(=1)=(1,-1) and (1) = (—1,1).

Comparing interior and boundary values, the global minimum on S is 0 at (0,0), and
the global maximum on S is 3 at (1, —1) and (—1,1).

. Let Py = (z1,11), P> = (2,92), and P3 = (x3,y3) be points in R%. Find the extreme
points of
fX) =X = PP+ [|X = BJ* + [| X — Psf?,

where X = (z,y).
Solution. Expanding the definition,

fey)=@—z)+y—n)’+ (@ —2)’+ Yy —p)*+ (@ —23)"+ (y — y3)°.

Hence
Vi(z,y) =208z —z1 — 20 — 23, 3y —y1 — Yo — U3),
and . P 4P+ P,
Vi@y) =0 = @y =—7"—",

the centroid of the three points. The second derivatives are constant: D?f = D3f = 6
and D1 Dyf =0, so

H:(g 2) det’H = 36 > 0, D?f=6>0.

The critical point is therefore a strict local minimum.

Remark. The same conclusion holds, without calculus, for n points Xy, ..., X, in R™.

Let
1 Z” 1 Z" )
C = E - Xl and b = E - HXlH



be the centroid and the mean squared norm, and set f(X) =37, |X — X;[|*. Then

n

fX) =) (X-X,) - (X-X)

i=1
=n|X||* - 2nX - C+nb
=n||X = C[*+n(b—|C|7).

The second term is constant, so f attains its global minimum at the centroid C, and
the minimum value is n(b — ||C||?).



