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1. Evaluate // f(z,y) dx dy where f(x,y) = xy — 2y and ¥ C R? is the region given by
)
0<y<land —1<z<y.

Solution

U U

2. Evaluate the double integral ff f35(3y — 4x) dz dy using the definition, in terms of lower
and upper sums.

Solution

Let

P=83=xy<x1 <<z, =5}
P2:{1:y0<y1<‘..<yn:2}

be partitions of [3,5] and [1, 2] respectively, and let P = P; x P,. For each (7, j) with
1<i<mand1l<j<nletm;=][ri1,x] X [yj_1,y;] be the (i, )" subrectangle of
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the partition P. On the subrectangle m;; the maximum M;; of f occurs at (x;_1,y;)
and the minimum m,; at (z;,y,-1), since f is decreasing in = and increasing in y.

Hence,

m n

L(f,P) =) (3yj—1 — 4m;) A; Ay;

i=1 j=1
n

n

n

| /\

j=1 i=1 =1 Jj=1
=3 Z(?Jj—l + yi—1)Ay; Z Ar; =2 Z(xl + i) Az, Z Ay;
e Py Py =
gz (y; +yj-1) AyJZsz _QZ (i + 2i1) Ax’ZAyJ
j=1 =1 1=1 Jj=1

:%Z —yjlexl—QZx — a2 ZAy]
7j=1 =1

The sums are telescoping, so

L(f,P) < 2(y: —

N

= —23.
A similar argument shows that

U(f,P) >3y,
= —23,

and therefore

(22 -

Yo)(@m — @0) — 225, — 25) (Yn — o)
1) (5-3)—-2(5*-3%)(2—1)

= ) (@m — %0) — 2(z7, — 25) (Yn — o)

Since f is continuous on a compact rectangle it is integrable, and the integral is the
unique number lying between every lower sum and every upper sum. As P was arbitrary,

2 5
/ / 3y — dx)dr dy = —
1 J3



3. Evaluate / f where f(z,y,2) = ryz and Q C R? is the region between the surfaces 1,
Q
and 1), defined for 0 <z <2 and 0 < y < z by ¥s(x,y) = 4 — 2% and ¢y (z,y) = 0.

Solution
z
(0,0,4)
Po(x,y) = 4 — 2?
/ y
) — T
@) (2,2,0)
¢1(z) =0 2,0,0)
X

Letwg(xy)—4—$,¢1xy 0¢2()—33 and¢1()

P2 (x b2 (z,y)
/ f= / / / xyzdz dy dx
¢1(x

1:!:1/)

= xy_—dydx
[ L=

3
x_(4 — %)% dw

2 7
(x_ — 225 + 41:3) dx

W

4. Let X(r,0) = (rcosf,rsinf) be the usual polar coordinate map.

(a) Find the matrix of the linear map DX (r,6) and the corresponding Jacobian
determinant at a point (r, ).

Solution
00X, 0X; '
(.9) o 00 cos —rsinf det DX ()
X(r,0) = = , et r,0)=r
% % sinf 7rcosf
or 00

(b) Use polar coordinates to find the integral of

= VR =@ )

over the disk of radius R centered at the origin.
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Solution

Disregarding a set of measure zero, the image X|[Q)] of the set Q = [0, R] x [0,27) in
the (r,6) plane is the disk of radius R centered at the origin. See Java Applet. The
change of variable formula

//X(Q)f@ay)dfﬂdyzf/gf(rcose,rsme) 7| dr df

yields, since r > 0,

2 R
// \/RQ—($2+y2)da:dy:/ / VR? —1r2.rdrdb
X(9) o Jo
R
:zw/ R 2dr.
0

The substitution u = R? — r?, du = —2r dr gives

R 1 R2 1
/ r\/mdrzi/ ul/Qdu:§R3,
0 0

and therefore

2rR3

// VR? — (224 y2) dedy = :
X(Q) 3

. Sketch the region €2 in the first octant bounded above by the parabolic surface z = 9 — 2
below by the plane z = 3 — x and on the sides by the planes y = 0 and y = 3, and
calculate its volume V() .

Solution

The surfaces z =9 — 22 and 2 = 3 — 2 meet when 22 —2 —6=0,s0 v =3 or v = —2.
In the first octant they intersect along the segment x = 3, 2 =0, 0 <y < 3. On
0 <z <3onehas9—22>3—zx Thus

3 3 p9-—2?
V(Q):/o/o/s dz dy dx

:/03/03(9—x2—(3—:v))dyd:v
= /03(6—x2+x)dx

2 0
3 32
=3(6.3-2 +=
(0:9-5+3)
9
—3(18-9+4=
(18-0+3)
81
-
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6. Let f(z,y) = 2%y and let C' be the segment from (3,2) to (7,5). Compute the line
integral [, f(z,y) ds.

Solution
v(t) =(3,2) +t(4,3), 0<t<1.
z(t) =3+4t, y(t) =2+ 3t.
V() =(43), IV®I=5
ds = ||/ (t)]| dt = 5 dt.

1
/xzyds:/ (3+4t)*(2+ 3t) - 5dt
c 0

3065
==
7. Let f(z,y) = 2%y and let C be the segment from (3,2) to (7,5). Compute the integral
fc 2%y du.
Solution

Jo a®y dx is the line integral of the vector field F(z,y) = (2*y,0). Hence

[ #vae= [ Fow)-vo
— /1 ((3+4t)*(2+43t), 0) - (4,3)dt

1

:/ 4(3 + 4t)*(2 + 3t) dt
0

1226

=

8. Determine the work done by the force field F(x,y) = (z,y + 2) moving a point along
the cycloid v(t) = (¢t —sint, 1 —cost), 0<t < 2.

Solution
2 2
By inspection, F has a potential function ¢(z,y) = 5 + % + 2y. Hence the work done
is
W = ¢(v(27)) — ¢(7(0))
= 272,
1
9. Let ¢(x,y,2) = and let v : [0, 1] — R? be a path such that v(0) = (1,1, 1)
/1'2 +y2 + 22

and (1) = (2,2,2). Evaluate

(a) Vo(z,y,z).



v
Solution

(a)
(z,y, 2)

(22 + 42 + 22)3/2°

(b) The function ¢ is C* on R3\ {0}. Any path from (1,1,1) to (2,2,2) may be
taken to miss the origin (for instance the straight segment), so

/V¢-dr:¢(2,2,2)—¢(1,1,1):%—%:—%:—\?.

—y T
10. Let F(z,y) = (xQ Fw i +y2).

VQb(xvy?Z) ==

(a) Find the integral of the vector field F' around the circle 2% + y* = 4 oriented
counterclockwise.

Solution

Parametrize the circle counterclockwise by 7(t) = (2cost,2sint), 0 < t < 2.
Then

21
[Fear= [ EG0) 0
o' 0
2T .
:/ ( Smt,&St>-(—2sint,QCost)dt
; 2 ' 2

27
:/ 1dt = 2.
0

(b) Let F} and F; be the components of F'.

i. Calculate % — %

ox dy

Solution

For (z,y) # (0,0),
8F2 . y2 — IE2 . (9F1

or (22 +y2)2 Oy

Hence

oF, 0F

ox oy

ii. Are F} and F, continuous on R??
No. They are not defined at the origin. In particular the domain R?\ {0} is
not simply connected.

iii. Is F' conservative? Explain your answer.
F' is not conservative on its domain: by part (a) the integral of F' around a
closed curve is nonzero.



11.

12.

13.

Discuss briefly the geometric motivation underlying the definition of the integral of a
scalar function over a smooth parametrized surface.

Solution

Let S be given by a smooth parametrization X : D C R? — R3. A small rectangle in
the parameter domain with sides Au and Aw is sent to a small parallelogram in the
tangent plane spanned by X,Au and X,Av, whose area is

| X x X, Au Av.

If f is a scalar function on S (for instance a density), the contribution of that patch
is approximately f(X(u,v)) [ X, x X,| AuAv. Summing and passing to the limit

produces
do = X Xy X X,|| dudv.
/sf o //f( (u,v)) [|[ Xu X Xo|| dudv

When f =1 this is surface area; when f is a mass density it is the mass of S.

Show that the surface area of a sphere S of radius p is 47p? by calculating the surface

integral / ldo.

S
Solution

Parametrize S by
X(p,0) = (psingpcosé’, psin @ sin b, pcosgp), 0<p<7m 0<60< 27
Then
X, = (pcosgocosé’, pcos psin b, —psingp),
Xy = (—psingpsin@, psin p cos 0, O),
and
X, x Xg = p°singp (sinpcosb, sinpsind, cosp), | X, x Xp|| = p*sin .

Hence

2 ™
/ ldo = / / p*sin @ dp df = 27p? [— cos go}g = 27r,02(1 + 1) = 4mp?.
s o Jo

Evaluate the surface integral / yz do, where S is the part of the plane z = y 4 3 within

the cylinder 22 + y* = 1. (Ansfzver: m™/2/4.)
Solution
X (u,v) = (u,v,v + 3), u? 4+t <1,
X, = (1,0,0),
X, = (0,1,1),
X, x X, =(0,-1,1),
Xy x X,|| = V2.
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/yzdcr:\/ﬁ// v(v+ 3) dudv
S u24v2<1
Vi—uZ
—f/ / (v® + 30) dv du

=2 —(1 —u?)32 du.
193
The substitution u = sin @ gives

! /2 37 37w
1—u?)?d :2/ Y0do =2 = =—
/_1( u”) = du i cos AR

and therefore

2 3r w2
do=vV2 - — = ——.
/Syz oc=v2- 33 1

Calculate the mass of the triangle with vertices (1,0,0), (1,1,1) and (0,0,2) if the
surface density is given by p(z,y, z) = xz.
Solution

The plane through the three vertices has equation z = 2 — 2z 4+ y. The projection onto
the zy-plane is the triangle with vertices (1,0), (1,1) and (0,0), described by 0 < u <1
and 0 < v < u. A parametrization is

X(u,v) = (u,v,2 — 2u +v), 0<u<l1, 0<wv<u,
X, = (1,0,-2),
X, =(0,1,1),
Xy x X, =(2,-1,1),
| X, x X, | = V6.

Thus

/szda—\/_// (2—-2u+v)dvdu

=6 (2u2 — %ug) du



