DEPARTMENT OF MATHEMATICS

MATE 3153 - EXAM 3  SEMESTER 2, 2022-23

Instructions: Time allowed 2 hours. All computations and work must shown to obtain
credit. Please start each question on a new side. questions will be

Last Names: First Name:
Student # : ___ Professor: Philip Pennance Section:

Answer FIVE Questions Only.

1. Use the definition, in terms of lower and upper sums, to evaluate the double integral

5 2
/ / ldz dy.
3 J1

Solution. Let R = [1,2] x [3,5] and let f = 1. Let

P:{Io,...7$n}7 Q:{ymaym}

be arbitrary partitions of [1,2] and [3, 5] respectively, and write
RZ] [‘/EZ 1, :L‘Z] [yj—la yj]'
On every subrectangle one has

m;; = min f = 1, Mij:r%axle.

Consequently the lower and upper sums coincide with the area of R:

L(f,P,Q) = Z Z my Az Ay; = Y AzAy; =2,

= lg 1 =1 j=1
=1 j=1

This holds for every partition P. Hence, f is integrable on R and

5 2
/ / ldxdy = 2.
3 )1
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2. Evaluate // f dx dy where f(z,y) = 2* — y3 and ¥ C R? is the region given by
by
—1<a<1;, —2?<y<a’

Solution.

<



3. Evaluate // f(z,y,2)dxdydz where f(x,y,2) = xyz and Q@ C R3 is the region
Q

between the surfaces 1); and 1, defined for 0 < z < 2and 0 < y < x by ¥9(z,y) = 4—g?
and ¢ (x,y) = 0.

Solution.
z
(0,0,4)
7 Y
T) =z
0 (2,2,0)
61(2) = 0 N2,0,0)
T

Let oz, y) =4 —a%  ti(r,y) =0;  ¢olz) =2; ¢1(x) =0

P2 (= Y2 (z,y)
/f / / / xyzdz dy dx
1( 1:vy)

/ xy dy dx
3
4
27
4

4. Let X(r,0) = (rcos,8,rsinf) be the usual polar coordinate map.

(a) Find the matrix of the linear map DX (r, ) and the corresponding Jacobian de-
terminant at a point (r, ).

Solution.

BXl 8X1

- cosf) —rsinf
J = or 09 | _ ;o detJ =r.
0Xy 0Xy sinff rcos6

or 90



(b) Use polar coordinates to find the integral of f(z,y) = \/R? — (22 + y2) over the
disk of radius R centered at the origin.

Solution

Disregarding a set of measure zero, the image X[Q] of the set Q@ = [0, R] x [0,27) in
the (r,0) plane is the disk of radius R centered at the origin. The change of variable

formula
// f(x,y)dxdy://f(rcos&,rsinﬁ)rdrd@.
X(Q) Q

27 R
// \/RQ—(:EQ—I—y?)dxdy:/ / VR?—r?2-rdrdf
X(Q) o Jo

727rR
==

yields

. Let f(z,y) = 2%y and let C' be the segment from (3,2) to (7,5). Compute the line
integral [, f(z,y) ds.

Solution.
v(t) =(3,2) +t(4,3), 0<t<1
x(t) =3+4t; y(t) =2+ 3t
V()= (43); V(@) =5
ds = |7/ (t)|| dt
= 5dt.
1
/ vy ds = / (3+4t)*(2+3t)-5dt
c 0
3065
==
. Let f(z,y) = 2%y and let C be the segment from (3,2) to (7,5). Compute the integral
22y d.
c
Solution.

Jo @®y dx is the line integral of the vector field F(z,y) = (2*y,0). Hence

/C Py ds = / | F(y(t)) -+ (t) dt
:/ ((3+ 46)(2 + 31),0) - (4,3) dt

1
= / 4(3 4+ 4t)*(2 + 3t) dt
0
1226

3



7. Determine whether the force field F(z,y) = (z,y + 2) is conservative. Determine the
work done by this force field while moving a point along the cycloid (t) = (t—sint, 1 —
cost), 0<t<2rm.

Solution.

2,2
By inspection, F has a potential function ¢(x,y) = — + v + 2y. Hence the work done

. 2 2
1S

W = ¢(v(2m)) — ¢(7(0))
= ¢(27Tv O)) - ¢(O7 0)

= 272,

8. A triangle of uniform mass density has vertices A = (0,0), B = (b,0) and C = (0, h).
Show, by integration, that the center of mass is located at the point (b/3,h/3).

Solution. The triangle > may be described by
x
0<z<b, O§y§h<1—g>.

Its area is bh/2. With uniform density p the mass is therefore

bh

The coordinates of the centre of mass are

1 2 b h(1—x/b) 2 b T 2 372 be b

= dA = = dyde = = - DNge=2[T 2122

M//E‘w bh/o/o rayar b/0x< b) v b[Q Bb}o 3
1 ) b h(1—x/b) 1 b T\ 2 h

] — — A:— = - 1—— = —.

4 M//Eypd bh/o/o ydy de b/o h( b) de =3

Hence the centre of mass is (b/3, h/3).

T

9. Find a parametrization X (u, v) of the hemisphere z = /9 — 22 — y2. Use the parametriza-
tion X to find an equation for the tangent plane at the point (2,2, 1).

Solution. One parametrization of the hemisphere is the graph map
X(u,v):(u,v, 9—u2—v2), u? +v? <09,

Differentiating:

At the point (2,2,1)



10.

A normal vector is
X, x X, = (2,2,1).

The tangent plane is therefore
2 —2)4+2(y—2)+ (2 —1) =0,

Le.,
20+ 2y +2=0.

Let F(z,y,2) = (v +y2, y + 2%, 2+ 2?%) and let
X(u,v)=(1—u—v, u, v), u>0,v>0 ut+v<1
be a parametrization of a surface S.

(a) Compute V x F.
(b) Calculate the composition (V x F)(X (u,v)).

(c) Evaluate the surface integral /(V x F)-ndo.
s

Solution.

(a)
i j k
VxF=| 0, Oy 0. | =(-2z, —2z, —2y).
T+ y2 Y+ 22 24 22
(b) Substituting the parametrization yields

(VX F)(X(u,v)) = (—2v, =2(1 —u —v), —2u).

(¢) The partial derivatives of X are
Xu: (_]—a170)7 Xv: <_17071)7

SO
X, x X, = (1,1,1).

Hence
(Vx F)(X(u,v)) - (Xy x Xp) =(—20) =2(1 —u —v) — 2u = —2.

The parameter domain D = {(u,v) : u >0, v > 0, u +v < 1} has area 1/2, and

therefore
/(V xF) -ndo = // (—2)dudv = —1.
s D



11. The wire in a solenoid is non-uniform with mass density given by A(z,y,z) = z. The
form of the wire is the image of the curve

v(t) = (2cost, 2sint, 3t); 0 <t < 20m.

Find the total mass of the solenoid.

Solution.

Let M be the mass of the wire.

7' (t) = (—2sint,2cost, 3)

207
:/ A2 cost, 2sint, 3t) - V13 dt
0
207
:/ 3t- /13 dt
0
207
:3\/E/ tdt
0

= 600v13 - 7%



