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Instructions: Answer FOUR Questions Only.

1. (a) State Green’s theorem.

(b) Let F (x, y) =

(
−y

x2 + y2
,

x

x2 + y2

)
. Find the integral of the vector field F around

the circle x2 + y2 = 4 oriented counter clockwise.

(c) Let F1 and F2 be the components of F in part (b). Calculate
∂F2

∂x
− ∂F1

∂y
. Is F

conservative? Explain your answer.

(d) Let A ⊆ R2 be the region determined by a ≤ x ≤ b, and g1(x) ≤ y ≤ g2(x)
where g1 and g2 are C1 functions. Let C be the boundary of A. and P (x, y) a
continuously differentiable function on A. Show that∫

C

f(x, y)dx = −
∫
A

∂f

∂y
dxdy

2. (a) Let p be a point in R3 and ~α, ~β orthonormal vectors in R3. Let X(u, v) =

p+ u~α + v~β.

i. Describe the image S of X. Show that X defines a bijection onto its image.

ii. Find the inverse map X−1(x, y, z)

(b) Discuss briefly the definition of the integral of a scalar function over a smooth
parametrized surface.

(c) Show that the surface area of a sphere S of radius ρ is 4πρ2 by calculating the

surface integral

∫
S

1dσ

3. Let X(r, θ, z) = (r cos θ, r sin θ, z).

(a) Calculate the matrix of the derivative DX at any point (r, θ, z) and find the
Jacobian determinant.

(b) Evaluate the triple integral of the constant function f(x, y, x) = 1 over the region
described by the inequalities 0 ≤ z ≤ h, and x2 + y2 ≤ ρ where ρ, h > 0 are
constant.

(c) Find the mass of the body bounded in cylindrical coordinates by π/6 ≤ θ ≤ π/3,
0 < r ≤ cos and θ 0 < z ≤ 1 if the density is given by f(r, θ, z) = 3r.
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4. (a) Let g(x, y) = ax2 + 2bxy + cy2. Show that g is positive definite if and only if
ac− b2 > 0 and a > 0.

(b) Let f(x, y) = (x− 1)2 + y2.

i. Find the critical points of f and test them by means of the Hessian.

ii. Find the Taylor expansion of f of order 2 about the origen.

5. (a) Let a, b be points in R3 and n,m non zero natural numbers. Find an expression
for the unique point x on the segment ab such that n|x− a| = m|x− b|.

(b) Find a vector parallel to the line of intersection of the planes: 2x− y+ z = 1, and
3x+ y + z = 2. Find an equation for the line of intersection of the two planes.

(c) Let p = (1, 2, 3) and ~n = (1, 1, 1). Find the distance of the plane 〈X − p, ~n〉 = 0
from the origen.

6. Let α be the curve given by α(t) = (2 cos 3t, 2 sin 3t), 0 < t < 2π. Verify that α′, α′′

are mutually orthogonal. and find:

(a) The unit tangent vector T at t = π/3.

(b) The unit normal vector N at t = π/3.

(c) The speed of α at t = π/3.

(d) A unit speed curve β with the same image as α.

(e) The curvature κ of β at any time t.

7. The skew product of two vectors in R2 is defined by the formula:

(x1, y1) ∧ (x2, y2) = x1y2 − x2y1 .

(a) Show that (c1v1)∧ (c2v2) = (c1c2)(v1∧ v2) for any scalars c1, c2 and any vectors
v1, v2.

(b) Compute (cosα, sinα) ∧ (cos β, sin β).

(c) What geometric circumstance determines the sign of the skew product?

(d) Find the area of the parallelogram with vertices (0, 0), (2, 0), (1, 1), (3, 1).

(e) Let η(u, v) = u ∧ v. Show that for any constants a, b, c, d:

η(av + bw, cv + dw) =

∣∣∣∣a b
c d

∣∣∣∣ η(v, w)

8. The temperature at a point (x, y) in the plane is given by T (x, y) = x3.

(a) Find the isothermals (level curves) of f .

(b) Evaluate the derivative DT (1, 1) at the point (3, 4).

(c) Find the (Jacobian) matrix of DT at (1, 1).

(d) Let u =

(
1√
2
,

1√
2

)
. Find directional derivative DuT (1, 1).

(e) Evaluate |u| and give an interpretation of the quantity 〈∇T (1, 1), u〉.
(f) Find the equation of the tangent line to the isothermal at (1, 1).
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Indicate which 4 questions you wish me to grade –if any :-)

Question

Points
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