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Answer FIVE Questions Only.

1. (a) Let f(x, y) =
y ln

(
x+

√
x2 − 1

)
x2 + y2

. Evaluate
∂f

∂y
(1, 4).

Solution.

D2f(1, 4) = [y 7→ f(1, y)]′(4)

= [y 7→ 0]′(4)

= 0.

(b) Let f(x, y) = x2 + y. Let P be the point (1, 3) and u⃗ = (1, 0).

Compute Duf(P ) directional derivative using only the definition.

Solution.

Du⃗f(P ) = lim
t→0

f(P + tu⃗)− f(p)

t

= lim
t→0

f(1 + t, 3)− f(1, 3)

t

= lim
t→0

1 + 2t+ t2 + 3− 4

t

= lim
t→0

2t+ t2

t
= 2.

2. (a) Find the constant a such that D sin(π/3)(h) = ah.

Solution.

a = sin′(π/3) = 1
2
.

(b) Let f(x, y) = 2x+ 3x2y3. Find the constants a and b such that

Df(3, 4)(h, k) = ah+ bk.
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Solution.

a = D1f(3, 4)

= [x 7→ f(x, 4)]′ (3)

=
[
x 7→ 2x+ 3 · 43x2

]′
(3)

=
[
x 7→ 2x+ 3 · 43x2

]′
(3)

= 2 + 3 · 43 · 2 · 3
= 1154.

Similarly, b = D2f(3, 4) = 1296.

3. Find and test, by means of the Hessian, the critical point(s) of

f(x, y) = 2x2 + y2 − xy − 7y.

Solution.

D1f(x, y) = 4x− y D2f(x, y) = −x+ 2y − 7 D2
1f(x, y) = 4

D2
2f(x, y) = 2 D1D2f(x, y) = −1 D2D1f(x, y) = −1.

Critical Points:

∇f(x, y) = (0, 0) ⇐⇒ (4x− y,−x+ 2y − 7 = (0, 0)

⇐⇒ (x, y) = (1, 4)

Hessian:

detH(1, 4) =

∣∣∣∣ D2
1f(1, 4) D1D2f(1, 4)

D2D1f(1, 4) D2
2f(1, 4)

∣∣∣∣
=

∣∣∣∣ 4 −1
−1 2

∣∣∣∣
= 7,

Since detH(1, 4) > 0 and D2
1f(1, 4) > 0, the Hessian is positive definite and the critical

point is a local minimum.

4. Let f(x, y) = 1 + x+ 2y2 + x3. Compute the second degree Taylor approximation

f(p+ h) = f(p) + (h · ∇) f(p) +
1

2!
(h · ∇)2 f(p) +R2.

at the point p = (2, 1).

Solution.

D1f(x, y) = 1 + 3x2 D2f(x, y) = 4y D2
1f(x, y) = 6x

D2
2f(x, y) = 4 D1D2f(x, y) = 0 D2D1f(x, y) = 0.
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Therefore,

D1f(2, 1) = 13 D2f(2, 1) = 4 D2
1f(2, 1) = 12

D2
2f(2, 1) = 4 D1D2f(2, 1) = 0 D2D1f(2, 1) = 0.

f(p+ h) = f(p) + h1D1f(p) + h2D2f(p)

+ 1
2

[
h21D

2
1f(p) + 2h1h2D1D2f(p) + h22D

2
2f(p)

)
] +R2

= 13 + 13h1 + 4h2 + 6h21 + 2h22 +R2.

where

lim
∥h∥→0

R2

∥h∥2
= 0.

5. Find the maximum of the function

H(x, y, z) = −(x ln x+ y ln y + z ln z)

subject to the constraint x+ y + z = 1.

Solution.

Let g(x, y, z) = x + y + z. Since g has no critical points, 1 is a regular value and
the method of Lagrange applies. Hence, at a critical point, there exists λ such that
∇H = λ∇g. It follow that

− lnx− 1 = λ

− ln y − 1 = λ

− ln z − 1 = λ

It follows that x = y = z. Using the constraint equation, it must be that x = y = z = 1
3
.

The maximum of H is
H

(
1
3
, 1
3
, 1
3

)
= − ln 1

3
= ln 3.

6. The temperature at a point (x, y) in the plane is given by T (x, y) = x3.

(a) Sketch the isothermals (level curves) of f for T ∈ {−8,−1, 0, 1, 8} .
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(b) Evaluate the derivative DT (1, 1)(⃗h) if h⃗ = (3, 4).

Solution.
DT (1, 1)(⃗h) = ∇T (1, 1) · h⃗ = (3, 0) · (3, 4) = 9.

(c) Find the rate of increase of temperature at (1, 1) in the direction h⃗.

Solution.

Let u⃗ = (3
5
, 4
5
). The directional derivative is ∇T (1, 1) · u⃗ = 9/5.

(d) Find the equation of the normal line to the surface z = T (x, y) when (x, y) =
(1, 1).

Solution.

Let g(x, y, z) = z − x3. Then ∇g = (−3x2, 0, 1). The required line has direction
vector∇g(1, 1, 1) = (−3, 0, 1) and hence equationX = (1, 1, 1)+t(−3, 0, 1), t ∈ R.

7. Let f : R2 → R2 be given by f(x, y) = (2xy, x2 + 3y2). Find a function ϕ such that
f = ∇ϕ.

Solution.
D1ϕ(x, y) = 2xy =⇒ ϕ(x, y) = x2y + ψ(y).

D2ϕ(x, y) = x2 + ψ′(y)

= x2 + 3y2

Hence ψ′(y) = 3y2 and so ψ(y) = y3 +C. Therefore any function of the form ϕ(x, y) =
x2y + y3 + C will do.
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