DEPARTMENT OF MATHEMATICS
MATE 3153 - EXAM I  SEMESTER 2, 2022-23

Instructions: Time allowed 2 hours. All computations and work must shown to obtain
credit. Please start each question on a new side. questions will be
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Answer SIX Questions Only.

1. Show that the midpoints of the sides of a quadrilateral ABCD in R? form a paralel-
logram.

Solution.

The midpoints are:

M, = A+B
2
B
AJQ — + C
2
C+D
Ms = -
2
D+ A
M, = -
2
Then,
A-C
My — My = ———
2
= My — Ms;.
B—-D
My — My, =
2
= My — Ms;.

It follows that My, My, M3, M4 are the vertices of a parallelogram.
2. Use vectors to show that the diagonals of a parallelogram coincide at the midpoints.

Solution.

Let ABCD be a paralellogram with @ = ﬁ . Let a, I;, c, d be the position vectors of
the points A, B, C, D respectively. Then

AB = DC

It follows that the midpoints of diagonals AC' and BD coincide.
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3. (a) Write the line 2x — 4y + 5 = 0 in the vector form P + [u] where P € R? and 4 is
a unit vector.
Solution.
Let P = (0,3). Since (2, —4) is normal to the line, ¥ = (4,2) is a direction vector.
2 y_(2 1
(b) Let P = (4,3) and @ = (1, 2), write the image of the curve y(t) = P+tu, t€R
in the form y = mx + b.

Solution.
v(t) = (4,3) +1(1,2).

r=44+1
y=3+2t
Eliminating ¢ gives y = 3 + 2(x — 4) = 2z — 5.

4. (a) Find a parametrization ~y(t) of the upper half of the unit circle with the property
that v(0) = (1,0) and v(1) = (—1,0)

Solution.

Notice that the usual parametrization a(t) = (cost,sint), 0 <t < x. Parametrizes
the upper half of the unit circle but the speed is too slow to reach (—1,0) by ¢t = 1.
In order to reach (—1,0) after one unit of time a constant speed equal to the ar-
clength 7 suffices. Hence, take v(t) = (cos7t,sin7t).

(b) Find a parametrization «a(t), 0 <t <1 of the upper half of the unit circle with
the property that a(0) = (—1,0) and (1) = (1,0)

Solution.

Notice that as t increases from 0 to 1, the term 1 —¢ decreases from 1 to 0. Hence,
the reparametrization

aft) = (cosm(1l —t),sinm(1 —t)), 0<t<1
will reverse the curve obtained in (a).

(c¢) Find a unit speed reparametrization of the curve « in part (b).

Solution.

The parametrization « in part (b) has constant speed 7 and so the arclength is
given by
s=at, 0<t< 1.

Reparametrization of o by arclength yields the unit speed curve:

a(s) = afs/n)

= (cos(m — s),sin(mr —s)), 0<s<m.

Remark: & is just the reverse of v(t) = (cost,sint), 0<t <.
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5. Find an equation of the plane m normal to the curve v(t) = (e, ¢, t?) at the point ¢ = 1.

Solution.
’7(1> - (67 L, 1)
7(t) = (e, 1,2t).
Hence, the required plane 7 is incident to the point p = (e, 1, 1) and has normal vector

n =1'(1) = (e, 1,2). Therefore 7 has equation

n-X=n-p
(e,1,2) - (x,y,2)) = (e,1,2) - (e, 1,1)
ex +y+ 2z =e? + 3.

6. Find the length of the curve given in polar coordinates by r = e, 0 <6 < 27.
Solution.
Converting to cartesian coordinates, the curve can be written
v(0) = (rcos O, rsinf)
= (e’ cosh, e’ sin 0)
7' (0) = €’ (cos @ — sin B, cos O + sin 0)
IYI* = 2¢*

IVl = v2¢!

Hence,

2
. / I ()l dr

— Ve z
=V2(e — 1)

7. Let O = (0,0,0), B and C be the vertices of a right triangle in R? with hypotenuse
BC . Let D be the foot of the perpendicular from O to BC. Let b, ¢, d be the position
vectors of B, C, D respectively. Find (in terms of B and C' the constant A such that

d=(1-X\b+ A\ (1)



Solution.
Taking the dot product of (1) with b and with & and noting that b - &= 0 yields

S

d= (1= B?
4= AP

O

Subtracting gives . = .
(b—2a)-d=(1—=N)blI* = Ale?

Since d is perpendicular to b — € the left hand side is zero. Hence

(1= N[BI* = Allel* = 0

e
8112 + 12
— 1-\= wi
161 + fleTf?
and so .
PN G S < R

Iz + B2 e + ey

. Express (3& +2f3) x (d + 45) as a scalar multiple of @ x E

Solution.

Since the cross product is bilinear and antisymmetric,

—12(@ x B) + 8(f x @)
=12(@ x ) — 8(@ x B)
= 10(@ x f)



9. Let @ = (—1,2,—3) and 3 = (2,3,6).

-,

3
(a) Evaluate (@, 3).

Solution. -
(@,pB)=(=1)(=2)+ (2)(3+ (=3)(6) = —14.

(b) Evaluate ||5]|.

Solution. -
15 = V22 +33+62=T.
(¢) Find the projection of @ on f3.
Solution.
a =
Ps(d) = =—=p
g-p
—14
=—(2,3,6
49 (2.3,6)
(4 6 12
T T T
(d) Evaluate @ x £.
Solution.
ik
—1 2 —3|=21i+0j—7k=(21,0,-7).
2 3 6

2
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10. Find a differentiable curve whose image is the ellipse 55_2 + ?;—2 = 1. Where does the
a

ellipse have maximum and minimum curvature?

Solution
Let
(1) = (x(t),y(t), 0<t<2m
. 2y
where z = acost and y = bsint. Then o) + = 1. Also,

7 (t) = (—asint,bcost)
v"(t) = (—acost, —bsint)
1 () = \/a2 sin?t + b2 cos? t




The curvature « is given by
= A
y'[?
|I/y// o a;,//y/|
]
ab

(a2 sin®t + b2 cos? t

)3/2

Now,
a?sin®t 4 b* cos®t = (a® — b?)sin®t + b2
If a > b > 0, this expression achieves a maximum at ¢ = 7/2 and minima at ¢t = 0

and t = w. Hence, the curvature is maximum when ¢ = 0 or ¢ = 7 and minimum at
=m/2.



