Math 3151 -Exercises on the Definition of the Integral
Philip Pennance! — Version: December 1, 2018.

1. (a) Define the concepts of definite in-
tegral and indefinite integral.

(b) Let f(z) = x+1 and let P be the
partition {1, 3,5, 7} of the interval
1, 10]

(c¢) Find the lower sum L(f, P).
(d) Find the upper sum U(f, P).

2. Consider the function f(z) = |z| and
the partition

P={-1,-3/4,—-1/4,0,1/4,3/4,1}

of the interval [—1,1]. Find and sim-
plify the lower sum L(f, P) and upper
sum U(f, P) of f for the partition P.

3. Let f(z) =2+1, 0<z<1. Let

P, = {xg,x1,...,2,} be a partition of
the interval [0, 1] such that
1
Ty — Tji—1 — —, i:1,2,...,n.
n

(a) Find the lower sum L(f, P,).
(b) Find the upper sum U(f, P,).

(c¢) Find the limit of the lower sum as
n — oo.

(d) Show that that
£(1) -~ £(0)

n

4. Let f be a function which is continu-
ous and increasing in the interval [0, 1].
Let P = {xg,x1,...,2,}, n € N be
a partition f the interval such that
x;—xi1=1/n, i=1,2, ... n. Verify
that

u(s.P) - 1y, p)) = =10,
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5
f(z)dz using the defini-

1
tion of the definite integral.

5. Compute

6. Let f(x) =22 and 0 < a < b. Let
P={a=x9,21,...,2, =0}

be any partition of the interval [a,b].
Show that

U(f,P)>b*/3—a/3.

7. Let f(zr) =z and 0 < a <b. Let
P={a=x9,21,...,2, =0}

be any partition of the interval [a,b].
Show that

| T

CL2

8. Let f(z) =1/z, 1<z <1+ Let
P = {1,1+ 1} be be the partition of
the interval [1,1+ 1] consisting of only
two endpoints .

(a) Compute the lower sum L(f, P).
and the upper sum U(f, P).

(b) Show that
1
<In (1 + l) < l
n+1 n n
(c) Use the result of (c) to show that

1 n
lim (1 + —> = e.
n—oo n
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