
University of Puerto Rico - Ŕıo Piedras
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1. Let A, B be alphabets with sizes |A| = 5 and |B| = 15 letters. State

(a) The number of elements in the cartesian product of A and B.

(b) The number of functions from A to B.

(c) The number of bijective functions from A to B.

(d) The number of injective functions from A to B.

(e) The number of subsets of A.

(f) The number of permutations of A.

(g) The number of words of length three in A without repetition of letter.

(h) The number of words of 6 letters in the alphabet A.

(i) The number of subsets of B which contain exactly 10 elements.

(j) The number of elements in B ∪ A given that their are 4 letters in B ∩ A.

2. A DNA chain is a word in the alphabet {A,G,C, T}. Find the number of words of
length 14 with

(a) 4 A’s and 10 G’s.

(b) 4 A’s and 5 G’s, 2C’s and 3T’s

(c) C at one end and A or G at the other. Remember, since chains are words C——A
should be considered different from A——C.

(d) A test for steroids is administered to a group of athletes. The probabiliy of a
postitive test result when an athlete has not used steroids is 0.04. The probabiliy
of a negative test result when an athlete has used steroids is 0.02. If 0.1% of
athletes use steroids, find the probability that a randomly selected athlete has
used steroids if his test result is positive.

3. A random variable X has density function f(t) = (2t− 3)/9, t ∈ {2, 3, 4}.

(a) Calculate the expectation EX.

(b) Calculate E(X2).

(c) Calculate the variance of X.

(d) Find the distribution function of X and draw its graph.

(e) State two important properties common to any distribution function.



4. Let Ω be a finite sample space with probability function P defined on the set of events.
Let X, Y random variables on Ω. Show carefully that E(X + Y ) = EX + EY.

5. Consider the random experiment of throwing two dice with faces numbered {1, 2, 3, 4, 5, 6}.
Let X and Y be the numbers shown by each dice. Find the sample space Ω for this
experiment and calculate the following probabilities:

(a) P [X + Y = 7].

(b) P [X > 4].

(c) P [X + Y = 7|X > 4].

6. An envelope contains 5 seeds from a red rose and 3 seeds from a white rose. A farmer
randomly selects 2 seeds from the envelope.

(a) What would be a possible sample space for this experiment.

(b) What is the probablity that both seeds are from a red rose.

(c) What is the probability that both seeds from a white rose.

(d) What is the probability that the seeds are from different color roses.

7. As part of a study of a certain genetic trait, the eye color of 300 individuals was
measured, and the following results obtained

Eye Color Total
Blue Brown Other Color

Has trait 70 30 20 120
Does not have trait 20 110 50 180
Total 90 140 70 300

A person is selected randomly. Let A be the event “person has blue eyes”; B be the
event, “person has genetic trait”; C the event “person has brown eyes”.

(a) Find the probability of event A.

(b) Find the probability of event B.

(c) Are the events A and B independent? Justify your answer.

(d) Are the events A and C mutually exclusive? Justify your answer.

8. A random sample of size two is taken with replacement from S = {1, 3, 5, 7}. Let
Ω = S × S. Define random variables X1, X2 : S × S → R by X1(i, j) = i and
X2(i, j) = j. i.e. X1 and X2 yield the results of the first and second selections
respectively.

(a) Let X̄ = (X1 + X2)/2 the sample mean. Find the density functions for X1, X2

and X̄.

(b) Are the random variables X1 and X2 independent? Explain.

(c) Are the random variables X1 and X2 identically distributed? Explain.

(d) Find the population mean.

(e) Is X̄ an unbiased estimator of the population mean? Justify your answer.


