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1. Introduction.

Suppose that, for each natural number
n, there exists a predicate p(n) which
depends on n. In order to prove that
p(n) is true for all n, it suffices to show
that the predicate it is true for arbitrary
n. Thus to prove, say, that

10 times any natural number is even,

it suffices to consider an arbitrary nat-
ural number and show, using the defi-
nition of even, that 10 times this arbri-
trary number must also be even.

Unfortunately, this method is often in-
effective. If this is the case, the princi-
ple of Mathematical Induction must be
used. This method can be viewed as
a generalization of the valid argument
form modus ponens to the infinite.

2. Mathematical Induction.

Suppose that for each natural number
n there is a predicate p(n). Recall that
if it happens that p(1) is true and also
that the implication p(1) =⇒ p(2) is
true, then the truth of p(2) follows by
modus ponens:

p(1)
p(1) =⇒ p(2)
p(2)

which is a valid argument form —
meaning that the truth of the premises
entails the truth of the conclusion.

Similarly, if p(1) is true and the impli-
cations

p(1) =⇒ p(2)

p(2) =⇒ p(3)

are both true, then p(3) can be proven
by two application of modus ponens.

The first application, shown above,
yields p(2). p(3) then follows from the
validity of the argument

p(2)
p(2) =⇒ p(3)
p(3)

Thus to prove p(3) is suffices to prove
the three statments:

p(1)

p(1) =⇒ p(2)

p(2) =⇒ p(3)

Similarly, to prove p(4) is suffices to
prove the four statements:

p(1)

p(1) =⇒ p(2)

p(2) =⇒ p(3)

p(3) =⇒ p(4)

Thus to prove p(n) for all n, it looks like
we need to prove, in addition to p(1),
that the implication p(n) =⇒ p(n+1)
is true for all n. But, from our initial
discussion, to prove this infinite num-
ber of implications, it suffices to prove
p(n) =⇒ p(n + 1) for an arbitrary
natural number n ∈ N.

All of this is formalized as an axiom
schema.

3. Axiom of Mathematical Induction.

The following is valid.

p(1)
∀n ∈ N, p(n) =⇒ p(n+ 1)
∀n ∈ N, p(n)
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4. Definition.

In the induction axiom

(a) The predicate p(1) is called the ba-
sis of induction.

(b) The implication p(n) =⇒ p(n+1)
is called the induction step.

(c) The antecedent p(n) of the induc-
tion step is called the induction
hypothesis.

5. Reminder.

Recall that an implication is true if it
cannot happen that the left hand side
(the antecedant) is true and the right
hand side (the consequent) is false.
Thus, if n is an arbitrary natural num-
ber, to prove the implication

p(n) =⇒ p(n+ 1)

is true, we begin by assuming that the
left hand side p(n) is true and show, us-
ing this hypothesis, that the right hand
side p(n+ 1) is true.

Induction problems all have more or less the same logical structure. A typical outline of
what your solutions should look like is shown below. All that is needed is the mathematical
skill to fill out the boxes.

Let p(n) be the statement

The Basis of Induction.

p(1) is the statement

Proof of p(1) :

The Induction Step.

Let n ≥ 1 be an arbitrary natural number 2 and suppose (for this n only!) that the induction
hypothesis p(n) is true. We must show, using the induction hypothesis, that p(n+1) is true.
Replacing n by n+ 1 in p(n) we see that p(n+ 1) is the statement

Proof of p(n+ 1). (Remember that p(n) can be used as a hypothesis)

It follows that p(n + 1) is true whenever p(n) is true. By the principle of mathematical
induction, p(n) is true for all n ≥ 1.

2The base case frequently begins with n = 0, and possibly with any fixed natural number n = M. In this
case the statement p(n) is proven for all natural numbers n ≥ M.
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1. Example.

Suponga que x ≥ −1. Demuestre, por inducción, que (1 + x)n ≥ 1 + nx, para todo
n ∈ N.

Solution.

Let p(n) be the statement (1 + x)n ≥ 1 + n · x .

The Basis of Induction.

p(1) is the statement (1 + x)1 ≥ 1 + 1 · x .

Proof of p(1)

Notice that both sides are equal to 1 + x.

The Induction Step.

Let n ≥ 1 be an arbitrary natural number and suppose (for this n only!) that the
induction hypothesis p(n) is true. We must show, using the induction hypothesis, that
p(n+ 1) is true.

Replacing n by n+ 1 in p(n) we see that p(n+ 1) is the statement

(1 + x)n+1 ≥ 1 + (n+ 1)x .

Proof of p(n+ 1).

(1 + x)n+1 = (1 + x)(1 + x)n

≥ (1 + x)(1 + nx) (using the induction hypothesis p(n))

= 1 + x+ nx+ nx2

≥ 1 + x+ nx (since nx2 is non negative)

= 1 + (n+ 1)x

Hence, (1 + x)n+1 ≥ 1 + (n+ 1)x

It follows that p(n+1) is true whenever p(n) is true. By the principle of mathematical
induction, p(n) is true for all n ≥ 1.

Remark: Many books use the letter k instead of n in the inductive step. I.e., they
prove, for arbitrary k ∈ N that the implication p(k) =⇒ p(k+1 is true. Which letter
you use does not matter in the least.
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2. Example.

Sea (an)
∞
n=0 una sucesión de números reales. Demuestre para todo n ∈ N.

n∑
i=1

(ai − ai+1) = a1 − an+1

Solution.

Let p(n) be the statement

n∑
i=1

(ai − ai+1) = a1 − an+1

The Basis of Induction.

p(1) is the statement
1∑

i=1

(ai − ai+1) = a1 − a2

Proof of p(1)

p(1) true by the definition of the
∑

notation. Please see notes on sequences for details.

The Induction Step.

Let n ≥ 1 be an arbitrary natural number and suppose (for this n only!) that the
induction hypothesis p(n) is true. We must show, using the induction hypothesis, that
p(n+ 1) is true.
Replacing n by n+ 1 in p(n) we see that p(n+ 1) is the statement

n+1∑
i=1

(ai − ai+1) = a1 − an+2

Proof of p(n+ 1). (Remember that p(n) can be used as a hypothesis)

The sum of n + 1 terms of a sequence can be obtained by summing the first n terms
and then adding the final term. It follows that

n+1∑
i=1

(ai − ai+1) =
n∑

i=1

(ai − ai+1) + (an+1 − an+2)

= (a1 − an+1) + (an+1 − an+2) (by the induction hypothesis)

= (a1 − an+2)

It follows that p(n+1) is true whenever p(n) is true. By the principle of mathematical
induction, p(n) is true for all n ≥ 1.
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3. Example.

Use el principio de inducción matemática para demostrar (−1)n =

{
1 if n is even ,

−1 if n is odd.

for all n ≥ 0.

Solution.

Let p(n) be the statement

(−1)n =

{
1 if n is even ,

−1 if n is odd.
(1)

Then, p(n+ 1) is the statement

(−1)n+1 =

{
1 if n+ 1 is even ,

−1 if n+ 1 is odd.
(2)

The Basis of Induction

Since 0 is even, the basis of induction p(0) is the statement (−1)0 = 1 which is clearly
true.

The Induction Step

Let n ≥ 0 be an arbitrary natural number and suppose (for this n only!) that the
induction hypothesis p(n) is true. We must show, assuming the truth of the the
induction hypothesis, that p(n+ 1) is also true.

Since n+ 1 is even if and only if n is odd, it is seen that p(n+ 1) is equivalent to

(−1)n+1 =

{
1 if n is odd ,

−1 if n is even.

Proof of P (n+ 1).

Using the induction hypothesis

(−1)n+1 = (−1)× (−1)n

=

{
(−1)× 1 if n is even ,

(−1)×−1 if n is odd.

=

{
1 if n is odd ,

−1 if n is even.

It follows that , p(n+1) is true whenever p(n) is true. By the principle of mathematical
induction, p(n) is true for all n ≥ 0.

Remark: Many books use the letter k instead of n in the inductive step. I.e., they
prove, for arbitrary k ∈ N that the implication p(k) =⇒ p(k+1 is true. Which letter
you use does not matter in the least.
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MATE 3018/3171 – Ejercicios sobre la Inducción
Philip Pennance3 –Semestre I de 2019

1. Demuestre, por inducción, que

1 + 2 + · · ·+ n =
n(n+ 1

2
.

2. Demuestre, por inducción, que

3 + 6 + 9 + · · ·+ 3n =
3n(n+ 1)

2
.

3. Sea x ∈ R, x ̸= 1. Demuestre, por in-
ducción, que

1 + x+ x2 + · · ·+ xn−1 =
1− xn

1− x
.

4. Demuestre, por inducción, que todo
número natural es par o es impar.

5. Demuestre, por inducción,

(−1)n+3 =

{
−1 if n is even ,

1 if n is odd.

6. Las fórmulas siguientes son ciertas para
todo número natural n ≥ 1. Use el
principio de inducción matemática para
demostrarlas.

(a)
n∑

i=1

(3i− 2) =
n(3n− 1)

2
.

(b) 3n ≥ 2n+ 1.

(c)
n∑

i=1

1

i(i+ 1)
=

n

n+ 1
.

(d)
n∑

i=1

i2 =
n(n+ 1)(2n+ 1)

6
.

(e)
n∑

i=1

1

2i
= 1− 1

2n

7. (a) Sea (an)
∞
n=0 una sucesión de

números reales. Demuestre:

n∑
i=1

(ai − ai+1) = a1 − an+1

para todo n ∈ N,

(b) Tome ai = i2 en la parte (a) halle
una formula para 1+2+3+· · ·+n.

(c) Use formula en la parte (a) para

hallar una formula para
n∑

k=1

k2.

8. Demuestre que, si n ≥ 4, una máquina
puede dar n chavos en cambio usando
solamente monedas de 2 y 5 chavos.

9. (a) Sea n,m ∈ N, m ̸= 0. Demuestre
por inducción que existen números
naturales q, r, únicos, tales que
n = qm+ r y 0 ≤ r < m.

(b) Describa los pasos en el algoŕıtmo
de la división.

(c) Explique porqué el divisor común
mayor de 12345 y 12345 + 1 es 1.
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