
Department of Mathematics
Math 3018–Presential Mode

Semester I, 2022-23
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Room: CNL-A226
Instructor: Philip Pennance
C-118, ext-88264
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Office hours: By appointment.
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Description

MATH 3018. Pre Calculus and Analytical Geometry. Four credits. Five hours
of lecture per week. Prerequisite: College Entrance Exam in Mathematics with score no less
than 720 or equivalent.

Elementary logic and set theory. The field of real numbers. Inequalities. Absolute value.
Subsets of the real numbers. The natural numbers and proof by induction. Binomial theo-
rem. Sequences and series. Limits of sequences. Functions. Algebra of functions. Graphs.
The complex numbers. The fundamental theorem of algebra. Trigonometric functions. In-
verse trigonometric functions. Exponential and logarithmic functions.

Remarks

Precalculus Math 3018 (or its two semester variant Math 3171, Math3172) is a “pre-mathematics”
course reviewing topics which should have been —but which frequently are not— covered
in the high school. The one semester variant, Math 3018, is intended for students with a
suitably high college board score in mathematics. A grade of A in the remedial course Math
3001, although necessary, may NOT, on its own, be sufficient preparation for Math 3018.
This course is much faster and covers far more material, and at a higher level, than Mate
3001. Indeed, the two semester sequence Math 3171-72 may be more suitable for students
who have not seriously studied at least a subset of this material in the school.

Course Objectives

After this course the students are expected to:

1. be competent in the methods of mathematical reasoning and proof relating to each
part of the syllabus.
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2. have developed their skills in thinking logically, formulating precise mathematical ar-
guments, solving problems and presenting solutions in a good mathematical style.

3. have become familiar with the definitions, concepts, results and methods of proof
relating to each part of the syllabus;

4. be able to quote the definitions and results, and to reproduce the proofs of some key
results.

5. be able to solve problems relating to the material covered. These might be straight-
forward applications of the definitions and results but might also be problems of a
more testing nature.

Syllabus and Approximate Time Distribution1

Fundamentals. (7 hours)

1. Definition per genus proximum et dif-
ferentia specifica. Primitive concepts.
Definition of sets by extension and spec-
ification. The empty set. Equality and
inclusion (⊆).

2. Propositional logic: Elementary propo-
sitions, the concept of truth, the logical
operations of negation (¬), conjunction
(∧), disjunction (∨), implication (→)
and equivalence (↔). Linguistic vari-
ants of implication. Tautologies, con-
tingencies and contradictions.

3. Set Theory and Predicate Logic. Op-
erations on sets: Complementaion (A′),
union (A∪B), intersection (A∩B), dif-
ference (A\B) and symmetric difference
(A∆B). Venn diagrams. Disjoint sets.
De Morgan’s Laws for sets:

(a) (A ∩B)′ = A′ ∪B′

(b) (A ∪B)′ = A′ ∩B′.

Universal and existential quantifiers (∀,
∃). Free and bound variables. The
square of opposition.

Relations. (7 hours)

1. Binary relations and functions

2. The definition of a function, domain,
codomain, image and graph.

3. Piecewise defined functions.

Methods of proof. (4 hours)

1. Mathematical proof.

2. Valid argument.

3. Direct proofs and counterexamples. Ar-
gument by contradiction and contrapo-
sition.

4. Simple examples of proofs:

(a) Proofs involving even, odd and
prime integers.

(b) The rational numbers Q.

(c) The division theorem and division
algorithm.

(d) Incommensurability: The non ex-
istence of natural numbers n and
m such that n2 = 2m2.

(e) Characterization of the rational
numbers as repeating decimals.

5. Mathematical Induction. Induction as
a generalization of modus ponens to the
infinite. Examples such as:

1All right is reserved to adjust these times as necessary.
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(a)
n−1∑
i=0

i =

(
n

2

)

(b) Sums of squares:

n∑
i=1

i2 =
n(n+ 1)(2n+ 1)

6

(c) The problem of the Towers of
Hanoi. Optimality of the solution.

(d) Exercises.

Sequences. (6 hours)

1. The definition of a sequence.

2. Arithmetic sequences.

(a) Recursive definition:

f(1) = a
f(n+ 1) = d+ f(n)

(b) Explicit formula:

f(n) = a+ (n− 1)d, n ∈ N

(c) The sum of an arithmetic series:

Sn = na+

(
n

2

)
d

=
n

2
[2a+ (n− 1)d]

= n

(
t1 + tn

2

)

3. Geometric Sequences.

(a) Recursive definition:

f(1) = a
f(n+ 1) = r × f(n)

(b) Explicit formula:

f(n) = arn−1 n ∈ N

(c) The sum of a geometric series:

n∑
i=1

ari−1 = a · 1− rn

1− r

4. The limit of a sequence.

5. The sum of an infinite geometric series.

∞∑
i=1

ari−1 =
a

1− r

Combinatorics (4 hours)

1. The cardinality of a set.

2. The inclusion-exclusion principle for
two sets:

|A ∪B| = |A|+ |B| − |A ∩B|

3. Elementary Combinatorial Formulae

4. Pascal’s Lemma(
n

k

)
+

(
n+ 1

k

)
=

(
n+ 1

k + 1

)
.

5. The binomial theorem.

(x+ y)n =
n∑

i=0

(
n

i

)
xn−iyi.

6. Exercises

The Set of Real Numbers R (6 hours)

1. Algebraic properties of the real num-
bers.

(a) Commutativity and associativity
of + and ×.

(b) Additive and multiplicative iden-
tities.

(c) Additive and multiplicative in-
verses.

(d) The distributive law:

a(b+ c) = ab+ ac
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2. Equations and identities.

(a) The solution of linear equations.

(b) The solution of simultaneous lin-
ear equations.

(c) The solution of quadratic equa-
tions:

i. by factoring in special cases.

ii. by completion of the square.

iii. by the quadratic formula:

x =
−b±

√
b2 − 4ac

2a

3. Order properties of the real numbers.

(a) Definition and properties of order.

(b) Interval notation.

(c) Linear and quadratic inequalities.

4. Distance in one dimension.

d(x, 0) =
√
x2

= max{x,−x}

=

{
x, if x ≥ 0;

−x, if x < 0

= |x|

5. Solution of equalities and inequalities
involving absolute value.

The Euclidean Plane (10 hours)

1. The Plane

(a) The distance formula

d(P, P ′) =
√

(x− x′)2 + (y − y′)2.

(b) The midpoint formula

M(P, P ′) =

(
x+ x′

2
,
y + y′

2

)
.

2. Straight lines. The concept of slope:
Let P = (x1, y1) and P ′ = (x2, y2) with
x ̸= x′.

mPP ′ =
y2 − y1
x2 − x1

3. Constancy of slope as the defining prop-
erty of a non-vertical line.

4. Different forms of the equation of a line.

(a) General equation of a line L in R2:

L = {(x, y) | ax+ by = c}

where a and b are not both zero.

(b) The equation of a vertical lines:

x = c

(c) Slope intercept form:

y = mx+ b

(d) Point slope form:

y − y1 = m(x− x1)

Uniqueness of the line determined by
two distinct points. Orthogonality.
Perpendicular bisectors.

5. Graphs of simple relations and func-
tions in the plane, x2, |x|, x3, 1/x,√
x, |x|, ax2 + bx+ c etc.

6. Graphing techniques: Translations,
horizontal and vertical reflections and
dilatations. Reflection in the line y = x.
Symmetry considerations.

7. The Circle

(a) The circle with radius r and center
C.

{P ∈ R2 : d(P,C) = r}

(b) The tangent to a circle.

8. The Parabola.
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(a) The parabola with focus F and di-
rectrix D,

{P ∈ R2 : d(P, F ) = d(P,D)}

where D is a line and F a point.

(b) Parabolas of the form

y = ax2 + bx+ c

Functions of a Real Variable (6 hours)

1. Finding the image of a function.

2. Different types of function:

(a) Odd functions and even functions.

(b) Increasing and decreasing func-
tions.

3. The sum, difference, product,quotient
and composition of functions.

4. Exercises.

5. The inverse of a bijectve function

β = f(α) ⇐⇒ α = f−1(β)

⇕ ⇕
(α, β) ∈ Gf ⇐⇒ (β, α) ∈ Gf−1

6. Exercises.

Exponential functions (5 hours)

1. Integer, rational and real exponents.

2. Properties of exponents:

(a) axay = ax+y

(b) (ax)y = axy

(c) (ab)x = axbx

(d)
(a
b

)x

=
ax

bx

(e)
ax

ay
= ax−y

3. Domain, image and graph of real ex-
ponential functions f(x) = ax where
a > 0, a ̸= 1.

4. Domain, image and graph of the log-
arithm function g(x) = loga x where
a > 0, a ̸= 1.

5. Properties of the logarithm function:

(a) loga y = x ⇔ y = ax

(b) loga(yy
′) = loga y + loga y

′

(c) loga

(
y

y′

)
= loga y − loga y

′

(d) loga (y
t) = t loga y

6. Change of base: loga x =
logb x

logb a

The complex numbers (3 hours

1. The complex plane.

2. Algebraic operations with complex
numbers

(a) Addition:
(a, b) + (c, d) = (a+ c, b+ d)

(b) Multiplication:
(a, b) · (c, d) = (ac− bd, ad+ bc)

3. If i = (0, 1) then

i2 = (0, 1)(0, 1)

= (−1, 0)

= −1.

4. The modulus of z = (a, b) ∈ C:

|z| = d(z, 0) =
√
a2 + b2

5. Properties of the modulus:

(a) |wz| = |w||z|

(b)
∣∣∣w
z

∣∣∣ = |w|
|z|

(c) |w + z| ≤ |w|+ |z|

6. The conjugate of z = (a, b) ∈ C is the
complex number:

z = (a,−b)

7. Properties of the conjugate:
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(a) w + z = w + z

(b) w − z = w − z

(c) wz = wz

(d) c = c, c ∈ R

(e)
(w
z

)
=

w

z

8. Important real quantities:

(a) zz = |z|2

(b) z + z = 2Re(z)

9. Division:
z

w
= zw−1 where w−1 =

(|w|−2)w

10. Field Properties of C:

(a) (C,+) is an abelian group.

(b) (C− 0, ·) is an abelian group.

(c) z(w + w′) = zw + zw′

11. Square roots of z ∈ C

12. Solutions of quadratic equations

az2 + bz + c = 0

where z ∈ C.

Polynomials (9 hours).

1. Definition of a polynomial and exam-
ples.

2. Notation:

Q[x] –the set of polynomials with ra-
tional coefficients.

R[x] –the set of polynomials with real
coefficients.

C[x] –the set of polynomials with com-
plex coefficients.

3. Algebraic operations with polynomials.

4. The degree d(f) of a polynomial f . De-
gree of the zero polynomial.

5. Properties of the degree:

(a) d(f + g) ≤ max{d(f), d(g)}

(b) d(f ∗ g) = d(f) + d(g)

6. Division Theorem: Let f, g ∈ C[x],
with g ̸= 0. Then there exist unique
polynomials q, r ∈ C[x] such that f =
qg + r and either r = 0 or d(r) < d(g).

7. Special cases of the Division Theorem:

(a) Remainder Theorem: Let f ∈
C[x] and g(x) = x−a where a ∈ C,
then:

f(x) = q(x)(x− a) + r

where r is a constant. Moreover
r = f(a).

(b) Factor Theorem: Let f ∈ C[x] and
a ∈ C. Then x− a is a factor of f
if and only if f(a) = 0.

8. Synthetic substitution/division algo-
rithm. Let

p(x) = a0x
n+a1x

n−1+ · · ·+an−1x+an

be a polynomial in C[x] and let

q(x) = q0x
n−1 + q1x

n−2 + · · ·+ qn−1

and
r = qn

where the constants q0, q1, . . . , qn are
determined by the following algorithm:

Algorithm: Synthetic Division

Input: a0, a1, a2, ..., an, α
Initialization: q0 := a0
Iteration : qi := αqi−1 + ai, 1 ≤ i ≤ n.
Output: q0, q1, . . . , qn

Then,

p(x) = (x− α)q(x) + r

i.e., the synthetic substitution algo-
rithm determines both the quotient and
remainder when p(x) is divided by x−α.
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9. Rational root theorem and proof. Let
a0x

n + a1x
n−1 + · · · + an ∈ Z[x]. If

h/k ∈ Q is a root and gcd(h, k) = 1,
then the numerator h is a factor of the
constant term an and the denominator
k divides the leading coefficient a0.

10. Let f ∈ C[x] with d(f) > 0. The f is
called irreducible if

f = gh → g is constant or h is constant

for all g, h ∈ C[x]. Thus an irreducible
polynomial has only trivial factoriza-
tions.

11. Fundamental Theorem of Algebra
If f ∈ C[x] has degree n > 0, then f
has a factorization of the form

f(x) = c(x− w1)(x− w2) · · · (x− wn)

where c, w1, w2, . . . , wn ∈ C

12. Conjugate zeros. Let f ∈ R[x] and
z ∈ C. Then:

(a) f(z) = 0 ⇒ f(z̄) = 0.

(b) If (x − z) is a factor of f then so
is (x− z̄).

(c) (x−z)(x−z̄) = x2−(2Re z)x+|z|2

13. Exercises.

Trigonometry (20 hours)

1. Angles

(a) A definition of angle.

(b) Angular measures.

(c) Arc length of a sector of radian
measure θ:

s = rθ

(d) Area of a sector of radian measure
θ:

A =
1

2
r2θ

2. Thales theorem and the definition of
the cosine, sine and tangent functions
for angles of measure less than π/2.

3. The sine and cosine of 0, π/6, π/4, π/3, π/2

4. The solution of right triangles. Isoceles
and equilateral triangles.

5. Proposition III.20 from Euclid’s Ele-
ments and trigonometric corollaries:

(a) Half angle formulae (see below).

(b) The sine rule (see below).

6. Ptolemy’s theorem and trigonometric
corollaries:

(a) Pythagoras theorem

(b) The addition formula for the sine
function.

7. The functions tangent, cotangent, se-
cant, and cosecant:

(a) tan θ =
sin θ

cos θ

(b) cot θ =
cos θ

sin θ

(c) sec θ =
1

cos θ

(d) csc θ =
1

sin θ

8. The function P : R → S1 where S1 is
the unit circle.

9. Let P (t) be the conjugate of P (t).

(a) P (t+ 2π) = P (t)

(b) P (t+ π) = −P (t)

(c) P (−t) = P (t)

(d) d(P (0), P (s− t)) = d(P (s), P (t))

10. Definition of the functions cos, sin for
arbitrary real numbers as coordinates
of the trigonometric point P (t)

P (t) = (cos t, sin t), t ∈ R

7
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11. Some geometric corollaries of the defi-
nition of sine and cosine:

Pythagorean identities:

(a) cos2(t) + sin2(t) = 1

(b) 1 + tan2(t) = sec2(t)

(c) cot2 t+ 1 = csc2(t)

x

y

α

1

tanα
secα

x

y

α

1

cotα

cscα

Parity properties:

(a) cos(−t) = cos t

(b) sin(−t) = − sin(t)

(c) tan(−t) = − tan(t)

Periodicity:

(a) cos(t+ 2π) = cos t

(b) sin(t+ 2π) = sin t

(c) tan(t+ π) = tan t

Rotation by π radians:

(a) cos(t+ π) = − cos t

(b) sin(t+ π) = − sin t

(c) tan(t+ π) = tan t

Rotation by π/2 radians:

(a) cos(t− π/2) = sin t

(b) sin(t+ π/2) = cos t

12. Graphs of the sine and cosine functions.
The period, amplitude and phase of a
sinusoid. The functions:

sin θ◦ = sin
( π

180
θ
)

cos θ◦ = cos
( π

180
θ
)

13. The domain, image and graph of the
tangent, cotangent, secant and cosecant
functions.

14. Exercises.

15. Inverse trigonometric functions.

(a) Domain, image and graphs of
sin−1, cos−1, tan−1.

(b) Formulae for f ◦g−1 where f, g are
trigonometric functions.

(c) Exercises.

16. Addition formulae:

(a) cos(s− t) = cos s cos t+ sin s sin t

(b) cos(s+ t) = cos s cos t− sin s sin t

(c) sin(s+ t) = sin s cos t+ cos s sin t

(d) sin(s− t) = sin s cos t− cos s sin t

(e) tan(s+ t) =
tan s+ tan t

1− tan s tan t

(f) tan(s− t) =
tan s− tan t

1 + tan s tan t

17. Double angle formulae:

(a) sin 2θ = 2 sin θ cos θ

(b) cos 2θ = cos2 θ − sin2 θ
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(c) cos 2θ = 2 cos2 θ − 1

(d) cos 2θ = 1− 2 sin2 θ

18. Half-Angle Formulae:

(a) sin2 θ

2
=

1− cos θ

2

(b) cos2
θ

2
=

1 + cos θ

2

(c) tan
θ

2
=

1− cos θ

sin θ

19. Product to Sum Formulae

(a) sin s sin t = 1
2
[cos(s−t)−cos(s+t)]

(b) cos s cos t = 1
2
[cos(s−t)+cos(s+t)]

(c) sin s cos t = 1
2
[sin(s−t)+sin(s+t)]

20. Linear combinations of sine waves of the
same period or frequency but different
phase shifts.

a sinx+ b cosx = A sin(x+ ϕ)

21. Trigonometrical Equations.

(a) Let −1 ≤ a ≤ 1 then the equation
sinx = a has general solution:

{sin−1 a+ n · 2π : n ∈ Z}
∪ {π − sin−1 a+ n · 2π : n ∈ Z}
(which simplifies if |a| = 1).

(b) Let −1 ≤ a ≤ 1 then the equation
cosx = a has general solution

{± cos−1 a+ n · 2π : n ∈ Z}

(c) Let a ∈ R then the equation
tanx = a has general solution

{tan−1 a+ n · π : n ∈ Z}

22. Exercises.

23. Triangles

(a) Polar coordinates:

x = r cos θ

y = r sin θ

(b) The sine rule:

a

sinA
=

b

sinB
=

c

sinC
= 2r

(c) The cosine rule:

a2 = b2 + c2 − 2bc cosA

(d) Solution of triangles:

i. SAA by the sine rule.

ii. SAS by the cosine rule.

iii. ASS (ambiguous case)

iv. SSS by the cosine rule.

(e) Area of a triangle: A = 1
2
bh.

(f) Exercises.

Instructional Strategies and Policies

Instructional strategies will include lectures, exams, quizzes, online videos, exercises and,
subject to availability, departmental tutorials.

Grading Scale

Letter grade (A, B, C, E or F )
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Evaluation

Your grade will be based upon three exams (X1, X2, X3), quizes (X4) where 0 ≤ Xi ≤ 100
and one comprehensive (i.e., covering all course material) final exam F where 0 ≤ XF ≤ 100.
The final average X̄ will be calculated by eliminating the lowest grade, and giving double
weight to the final. I.e.,

X̄ =
(X1 +X2 +X3 +X4 + 2 ∗XF )−min(X1, X2, X3, X4, XF )

5
.

The grading scale will be no worse than the following: A: 90− 100; B: 80− 89; C: 65− 79;
D: 55-64; F: < 55. Cooperation with entities, human or electronic, if detected on exams
and quizes, will result in an automatic F for the course. Calculators and electronic aparati
may not be used. Use of calculators, computers, ipads, or any electronic devices in exams
and quizzes is strictly forbidden. In accord with UPR regulations, persistent lateness or
unexcused absence from class may result in a lowered or failing grade and loss of financial
support.

Texts

The course notes provided should be read in conjunction with a standard textbook. The
books by Santos are legally free online. It is strongly recommended that students buy at
least one of the books mentioned below and read it. Most can be obtained used online at a
moderate price.

1. David A. Santos, Precalculus, Open Math Text, 2010.

The great price (and weight) of textbooks bears no relation to their academic quality.
The very excellent Elementary Algebra and Precalculus texts by David Santos can be
legally downloaded for free. They contain all the material needed for this course.

2. David A. Santos, Andragogic-Propaedeutic-Mathematics, Open Math Text, 2007.

3. David A. Santos, Ossifrage and Algebra, Open Math Text, 2007.

4. David A. Santos, Pre- y Cálculo Criollos, Open Math Text, 2008.

5. Ho Soo Thong, Tay Yong Chiang and Kah Khee Meng, College Mathematics Syllabus
C , Second edition (1989), Pan Pacific Publications, ISBN-9971-63-931-9.

– Excellent and carefully written text. It is well worth buying since it contains much
good material relevant to a number of courses including physics and statistics.

6. Official Department Text: Mark Dugopulski, Precalculus (4th Edition), Pearson (2012)
ISBN-13: 978-0321789433

Bibliography

1. Mary P. Dolciani, Robert H. Sorgenfrey, John A. Graham, David L. Myers, Introduc-
tory Analysis, Houghton Mifflin, 1987. –a very well written introduction to precalculus
and calculus at a higher mathematical level than the usual precalculus texts.
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2. Kunihiko Kodaira, Editor, Mathematics, Japanese Grade 9, University of Chicago
School Mathematics Project, 1992. –an excellent review of material from high school
algebra and geometry. It also includes a section on probability and statistics.

3. Kunihiko Kodaira, Mathematics 1, Japanese Grade 10, American Mathematical So-
ciety, 1991. –contains most, though not all, of the material in MATH 3171 as well
as some trigonometry from Math 3172. It manages to achieve in 200 pages what the
typical “precalculus” text struggles to do in 1000.

4. Kunihiko Kodaira, Mathematics 2, Japanese Grade 11, American Mathematical Soci-
ety, 1991.

5. Kunihiko Kodaira, Algebra and Geometry, Japanese Grade 11, American Mathematical
Society, 1991. – covers plane and solid geometry, vectors and matrices.

6. Ian Stewart and David Tall, Foundations of Mathematics, Oxford University Press,
1977.

–As its title suggests, the book Foundations of Mathematic provides a rigorous intro-
duction to the foundations of Mathematics. It shows how the real numbers can be
constructed from the axioms of Peano. Any student who is serious about achieving a
good level in Mathematics should study the material in this book. It is essential that
a math or computer science major know the material in this book.

Please turn over.
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According to UPR regulations, the following items must be included in ALL syllabi.

Academic Honesty

All homework should be done independently –collaboration is not permitted. Cheating and other
anti-intellectual behavior may result in an F . Please make sure you read, understand and abide by
the Academic Integrity Code of the University of Puerto Rico.

Students with Disabilities

If you have a disability for which you may be requesting an accommodation, please contact both your
instructor and the office of Vocational Rehabilitation as early as possible in the term. Vocational
Rehabilitation will verify your disability and determine reasonable accommodations for this course.

Regulations on discrimination (Certification 39, 2018-2019)

“The University of Puerto Rico prohibits discrimination based on sex, sexual orientation, or gender
identity in any of its forms, including that of sexual harassment. According to the Institutional
Policy Against Sexual Harassment at the University of Puerto Rico, Certification Num. 130, 2014-
2015 from the Board of Governors, any student subjected to acts constituting sexual harassment,
must come to the Office of the Student Ombudsperson, the Office of the Dean of Students, and/or
the Coordinator of the Office of Compliance with Title IX for an orientation and/or a formal
complaint”.
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